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µ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ (Logistic Regression Model) ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥‡≈Á° ‚¥¬»÷°…“°“√
·®°·®ß¢Õß ∂‘µ‘ 5 µ—«§◊Õ  ∂‘µ‘ Wald, Score, Likelihood Ratio, Hosmer and Lemeshow (HL) ·≈–
Deviance «‘∏’°“√»÷°…“„™â°“√®”≈Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ∑’Ëµ—«·ª√µ“¡¡’§à“‡ªìπ 0 ·≈– 1 ·≈–¡’
µ—«·ª√Õ‘ √– 4 µ—«‡ªìπµ—«·ª√µàÕ‡π◊ËÕß 2 µ—« ·≈–µ—«·ª√Àÿàπ (Dummy Variable) 2 µ—« ∑”°“√®”≈Õß
∑—ÈßÀ¡¥ 4  ∂“π°“√≥å §◊Õ∑’Ëµ—«Õ¬à“ß¢π“¥ 10, 30, 50 ·≈– 100 ·µà≈– ∂“π°“√≥å∑” È́” 1,000 √Õ∫
°“√æ‘®“√≥“°“√·®°·®ß¢Õß ∂‘µ‘·µà≈–µ—«®–‡ª√’¬∫‡∑’¬∫°—∫°“√·®°·®ß·∫∫ Chi-square ‚¥¬æ‘®“√≥“
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ªØ‘‡ ∏ ¡¡ÿµ‘∞“πÀ≈—° (H0) °”Àπ¥√–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫ (α) §◊Õ 0.01, 0.05 ·≈– 0.10
º≈°“√»÷°…“æ∫«à“ ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥ 10  ∂‘µ‘∑’Ë¡’°“√·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square ¡“°∑’Ë ÿ¥
∑’Ë α  = 0.01 §◊Õ ∂‘µ‘ Likelihood Ratio ∑’Ë α = 0.05 §◊Õ ∂‘µ‘ Deviance ·≈–∑’Ë α = 0.10 §◊Õ ∂‘µ‘
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¡“°∑’Ë ÿ¥∑’Ë√–¥—∫π—¬ ”§—≠ 0.01, 0.05 ·≈– 0.10 Õ¬à“ß‰√°Áµ“¡„π°“√π”‰ª„™â ∂â“ ¡¡ÿµ‘„Àâ  ∂‘µ‘
Likelihood Ratio  ∂‘µ‘ Deviance  ∂‘µ‘ Score ·≈–  ∂‘µ‘ HL ¡’°“√·®°·®ß·∫∫ Chi-square √–¥—∫
π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ª®“°∑’Ë°”Àπ¥‰«â
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The Distribution of Wald, Score, Likelihood Ratio,
Hosmer and Lemeshow (HL), and Deviance for

a Small Sample Logistic Regression Model

Krisada Lekdee and Lily Ingsrisawang*

ABSTRACT

The objective of this research involved the investigation of the distribution of the
statistics that were used to examine whether or not the logistic regression model fit the data
when the sample size was small. These statistics were Wald, Score, Likelihood Ratio, Hosmer
and Lemeshow (HL), and Deviance. The simulation study was employed. The data were
simulated for the logistic regression models with 2 dummy and 2 continuous variables with
samples sizes of 10, 30, 50 and 100. For each sample size 1,000 simulation runs were made.
The distributions of those statistics (upper tails only) were compared with the Chi-square
distributions. The upper tail of the distribution was an important segment since it was used for
hypothesis testing. The levels of significance (α) were set at 0.01, 0.05 and 0.10. The study
found that, for the sample size of 10, at α = 0.01, the distribution of Likelihood Ratio was closest
to the Chi-square distribution; at α = 0.05, it was the distribution of Deviance; and at α = 0.10,
it was the distribution of Score. For the sample sizes of 30, 50 and 100, the distribution of
HL was closest to the Chi-square distribution at the significance levels of 0.01, 0.05 and
0.10. However, if the Score, Deviance, Likelihood Ratio, and HL were used and assumed to
have the Chi-square distributions, the levels of significance would change from the ones that
were set at the beginning.

Keywords: Logistic Regression Model, Wald, Score, Likelihood Ratio, Hosmer and Lemeshow
(HL), Deviance
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∫∑π”
°“√∂¥∂Õ¬≈Õ®‘ µ‘§ (Logistic Regression) ‡ªìπ°“√∂¥∂Õ¬∑’Ë¡’µ—«·∫∫∑’Ë„™â· ¥ß§«“¡

 —¡æ—π∏å√–À«à“ßµ—«·ª√µ“¡∑’Ë¡’§à“‡ªìπ 0 À√◊Õ 1 °—∫µ—«·ª√Õ‘ √–∑’Ë‡ªìπ‰¥â∑—Èß™π‘¥µàÕ‡π◊ËÕß·≈–™π‘¥‰¡àµàÕ
‡π◊ËÕß·≈–¡’‰¥â¡“°°«à“ 1 µ—« µ—«Õ¬à“ß„πß“π«‘®—¬∑“ß°“√·æ∑¬å‡™àπ °“√»÷°…“°“√‡ ’¬™’«‘µ¢ÕßºŸâªÉ«¬¿“¬„π
√–¬–‡«≈“ 5 ªïÀ≈—ß‡¢â“√—∫°“√√—°…“‚√§¡–‡√Áß °”Àπ¥„Àâµ—«·ª√µ“¡¡’§à“ 0 ‡¡◊ËÕºŸâªÉ«¬√Õ¥™’æ ·≈– 1 ‡¡◊ËÕ
ºŸâªÉ«¬‡ ’¬™’«‘µ  ‘Ëß∑’Ë π„®§◊Õ¡’ªí®®—¬À√◊Õµ—«·ª√Õ‘ √–„¥∫â“ß∑’Ë “¡“√∂„™âæ¬“°√≥å§«“¡πà“®–‡ªìπÀ√◊Õ§«“¡
‡ ’Ë¬ß∑’ËºŸâªÉ«¬®–‡ ’¬™’«‘µ µ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ¡’≈—°…≥–¥—ßπ’È

„Àâ Y ¡’°“√·®°·®ß·∫∫‡∫Õ√åπŸ≈’ (Bernoulli Distribution) §«“¡πà“®–‡ªìπ∑’Ë®–‡°‘¥‡Àµÿ°“√≥å
∑’Ë π„® P(Y = 1) = P §«“¡πà“®–‡ªìπ∑’Ë®–‰¡à‡°‘¥‡Àµÿ°“√≥å P(Y = 0) = 1 - P  E(Y) = P ·≈– V(Y) = 1 - P

π‘¬“¡ log it(P) = log( P ) = β0 + β1X1 + β2X2 + ...+ βpXp1 - P

‡¡◊ËÕ X1,X2,...,Xp §◊Õµ—«·ª√Õ‘ √– ·≈– β0,β1,β2,...,βp §◊Õ —¡ª√– ‘∑∏‘Ï°“√∂¥∂Õ¬
µ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ · ¥ß§«“¡πà“®–‡ªìπÀ√◊Õ§«“¡‡ ’Ë¬ß∑’Ë®–‡°‘¥‡Àµÿ°“√≥å∑’Ë π„®§◊Õ

P(Y = 1 X1,X2,...,Xp) =
exp(β0 + β1X1 + β2X2 +...+ βpXp)

1 + exp(β0 + β1X1 + β2X2 +...+ βpXp)

°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å„πµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ „™â«‘∏’°“√ª√–¡“≥·∫∫ Maximum
Likelihood „™â«‘∏’°“√«π´È” (Iterative Methods) ·≈–À“§”µÕ∫¢Õß ¡°“√∑’Ë‰¡à‡ªìπ‡™‘ß‡ âπ (Nonlinear
Equations) ´÷Ëß¡’À≈“¬«‘∏’ ·µà∑’Ë¡’ª√– ‘∑∏‘¿“æ¡“°∑’Ë ÿ¥·≈–„™â°—π¡“°§◊Õ«‘∏’¢Õß Newton-Raphson ·≈–
Fisherûs Scoring [1]

°“√µ√«® Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ¡’ ∂‘µ‘„Àâæ‘®“√≥“‡≈◊Õ°„™âÀ≈“¬µ—«
‡™àπ ∂‘µ‘ Wald, Score, Likelihood Ratio, Hosmer and Lemeshow (HL) ·≈– Deviance  ∂‘µ‘
‡À≈à“π’È¡’°“√·®°·®ß·∫∫ Asymptotic Chi-square §◊Õ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥„À≠à ®–¡’°“√·®°·®ß„°≈â°“√
·®°·®ß·∫∫ Chi-square [2-5] ·µà„π∑“ßªØ‘∫—µ‘¢π“¥µ—«Õ¬à“ß∑’Ë„™â»÷°…“Õ“®¡’¢π“¥‡≈Á° ∑”„Àâ‡°‘¥ªí≠À“
«à“°“√„™â ∂‘µ‘¢â“ßµâπ‡æ◊ËÕµ√«® Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫ ¬—ß§ß„°≈â‡§’¬ß°—∫°“√·®°·®ß·∫∫ Chi-square
À√◊Õ‰¡à ¡’°“√»÷°…“‡°’Ë¬«°—∫µ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ·≈– ∂‘µ‘∑’Ë„™âµ√«® Õ∫§«“¡‡À¡“– ¡¢Õß
µ—«·∫∫Õ¬à“ß°«â“ß¢«“ß ‡™àπ Chen ·≈–§≥– [6] »÷°…“µ—«·∫∫∑“ß§≥‘µ»“ µ√å ”À√—∫°“√Õπÿ¡“π„πµ—«
·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥‡≈Á° ª√–¬ÿ°µå„™â‡√◊ËÕß§≈◊Ëπ‡¥’Ë¬«„µâπÈ” (Internal Solitary
Wave) «‘∏’°“√»÷°…“„™â°“√∑¥≈Õß∑’Ëµ—«Õ¬à“ß¢π“¥ 54 æ∫«à“ ‡¡◊ËÕπ”∑ƒ…Æ’µ—«Õ¬à“ß¢π“¥„À≠à‰ª„™â°—∫
µ—«Õ¬à“ß¢π“¥‡≈Á°  ∂‘µ‘ Likelihood Ratio ·≈– Score „Àâº≈ √ÿª°“√∑¥ Õ∫ ¡¡ÿµ‘∞“πµ√ß°—π§◊ÕªØ‘‡ ∏
«à“µ—«·∫∫‡À¡“– ¡°—∫¢âÕ¡Ÿ≈ µ√ß°—π¢â“¡°—∫ ∂‘µ‘ Wald ·≈– Deviance ∑’Ë„Àâº≈ √ÿª¬Õ¡√—∫«à“µ—«·∫∫¡’
§«“¡‡À¡“– ¡ Pulkstenis ·≈– Robinson [7] »÷°…“ ∂‘µ‘∑’Ë„™â∑¥ Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫°“√
∂¥∂Õ¬≈Õ®‘ µ‘§ ∑’Ë¡’µ—«·ª√Õ‘ √–‡ªìπµ—«·ª√µàÕ‡π◊ËÕß æ∫«à“  ∂‘µ‘ Deviance ¡’°“√·®°·®ß·µ°µà“ß®“°
°“√·®°·®ß·∫∫ Chi-square ®÷ß √â“ß ∂‘µ‘ ”À√—∫°“√∑¥ Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫¥—ß°≈à“«¢÷Èπ¡“„À¡à
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‚¥¬„™âÀ≈—°°“√§≈â“¬°—π°—∫°“√ √â“ß ∂‘µ‘ HL ·≈â«®”≈Õß ∂“π°“√≥å·∫∫µà“ßÊ ¢÷Èπ¡“ ‡æ◊ËÕ‡ª√’¬∫‡∑’¬∫µ—«
 ∂‘µ‘∑’Ë √â“ß¢÷Èπ¡“„À¡à°—∫ ∂‘µ‘ HL ·≈– Kramer [8] »÷°…“°“√·®°·®ß¢Õß ∂‘µ‘ HL ‚¥¬„™â°“√®”≈Õßµ—«
·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ∑’Ë¡’µ—«·ª√Õ‘ √–‡ªìπµ—«·ª√µàÕ‡π◊ËÕß 20 µ—«·≈–µ—«·ª√Àÿàπ 3 µ—« ∑’Ëµ—«Õ¬à“ß¢π“¥
50,000 æ∫«à“ ∂‘µ‘ HL ¡’°“√·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square

Õ¬à“ß‰√°Áµ“¡°“√»÷°…“°“√·®°·®ß¢Õß ∂‘µ‘∑’Ë°≈à“«¡“¢â“ßµâπæ√âÕ¡°—π∑—Èß 5 µ—«§◊Õ ∂‘µ‘ Wald,
Score, Likelihood Ratio, Hosmer and Lemeshow (HL) ·≈– Deviance  ”À√—∫µ—«·∫∫°“√∂¥∂Õ¬
≈Õ®‘ µ‘§ ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥‡≈Á° ‡ª√’¬∫‡∑’¬∫°—∫°“√·®°·®ß·∫∫ Chi-square ¬—ß‰¡à¡’¡“°àÕπ ºŸâ«‘®—¬®÷ß
 π„®∑’Ë®–»÷°…“°“√·®°·®ß¢Õß ∂‘µ‘¥—ß°≈à“«‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥‡≈Á° ‡ª√’¬∫‡∑’¬∫°—∫°“√·®°·®ß·∫∫
Chi-square ‡æ◊ËÕπ”º≈∑’Ë‰¥â‰ª„™â„π°“√‡≈◊Õ° ∂‘µ‘ ”À√—∫µ√«® Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫°“√∂¥∂Õ¬
≈Õ®‘ µ‘§ ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥‡≈Á°µàÕ‰ª

«‘∏’°“√»÷°…“
°“√«‘®—¬§√—Èßπ’È„™â°“√®”≈Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ∑’Ëµ—«·ª√µ“¡ Y ¡’°“√·®°·®ß·∫∫‡∫Õ√åπŸ≈’

(Bernoulli Distribution) ¡’ P ‡ªìπæ“√“¡‘‡µÕ√å · ¥ß§«“¡πà“®–‡ªìπ∑’Ë®–‡°‘¥‡Àµÿ°“√≥å∑’Ë π„® ·≈–¡’
µ—«·ª√Õ‘ √– 4 µ—« §◊Õ X1, X2 ‡ªìπµ—«·ª√Àÿàπ (Dummy Variables) ·≈– Z1, Z2 ‡ªìπµ—«·ª√™π‘¥µàÕ
‡π◊ËÕß¡’°“√·®°·®ß·∫∫ª°µ‘ ‚¥¬®”≈Õß∑—ÈßÀ¡¥ 4  ∂“π°“√≥å §◊Õ ∑’Ë¢π“¥µ—«Õ¬à“ß 10, 30, 50 ·≈– 100
°”Àπ¥√–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫ (α) §◊Õ 0.01, 0.05 ·≈– 0.10 ·µà≈– ∂“π°“√≥å„™â‡∑§π‘§
°“√®”≈Õß¡Õπµ‘§“√å‚≈∑”°“√«π´È” 1,000 √Õ∫ ‚ª√·°√¡∑’Ë„™â»÷°…“§◊Õ ‚ª√·°√¡ SAS ¢Õß¿“§«‘™“ ∂‘µ‘
¡À“«‘∑¬“≈—¬‡°…µ√»“ µ√å ¡’¢—ÈπµÕπ¥—ßπ’È

1. º≈‘µ§à“¢Õßµ—«·ª√Õ‘ √– X1 ·≈– X2 „Àâ¡’°“√·®°·®ß·∫∫‡∫Õ√åπŸ≈’ ‚¥¬°”Àπ¥„Àâ X1

¡’§à“ 1 Õ¬Ÿà 40% ·≈– X2 ¡’§à“ 1 Õ¬Ÿà 50% øíß°å™—π∑’Ë„™â§◊Õ RAND (ùBERNOULLIû, 0.40) ·≈–
RAND (ùBERNOULLIû, 0.50) µ“¡≈”¥—∫

2. º≈‘µ§à“¢Õßµ—«·ª√Õ‘ √– Z1 ·≈– Z2 ‡ªìπµ—«·ª√µàÕ‡π◊ËÕß ¡’°“√·®°·®ß·∫∫ª°µ‘ ¡’§à“
‡©≈’Ë¬‡∑à“°—π§◊Õ 0.5 ·≈–§«“¡·ª√ª√«π‡ªìπ 0.1 ·≈– 0.5 µ“¡≈”¥—∫ øíß°å™—π∑’Ë„™â§◊Õ 0.5+RANNOR
(-1)*0.1 ·≈– 0.5+RANNOR (-1)*0.5 µ“¡≈”¥—∫

3. °”Àπ¥§à“ β0 = -1.4, β1 = 1, β2 = 0.5, β3 = 1, β4 = 1
4. „Àâ xbeta = β0 + β1X1 + β2X2 + β3Z1 + β4Z2 π—Ëπ§◊Õ

xbeta = -1.4 + X1 + 0.5 X2 + Z1 + Z2

5. §”π«≥§à“ phat = P(Y = 1X1,X2,Z1,Z2) = exp(xbeta)/(1+exp(xbeta)) µ“¡µ—«
·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ´÷Ëß phat ®–¡’§à“Õ¬Ÿà√–À«à“ß 0 ∂÷ß 1

6. º≈‘µ§à“¢Õßµ—«·ª√µ“¡ Y „Àâ¡’§à“‡ªìπ 0 À√◊Õ 1 ‚¥¬«‘∏’ √â“ß‡≈¢ ÿà¡∑’Ë¡’°“√·®°·®ß·∫∫
Uniform (0,1) ∂â“µ—«‡≈¢ ÿà¡∑’Ë‰¥â¡’§à“¡“°°«à“§à“ phat „Àâ Y = 1 ∂â“‡≈¢ ÿà¡∑’Ë‰¥âπâÕ¬°«à“À√◊Õ‡∑à“°—∫ phat
„Àâ Y = 0 øíß°å™—π∑’Ë„™â§◊Õ RANUNI (-1)

7. º≈‘µ§à“ X1, X2, Z1, Z2 ·≈– Y µ“¡¢—ÈπµÕπ∑’Ë 1- 6 „Àâ¡’®”π«π‡∑à“°—∫¢π“¥µ—«Õ¬à“ß∑’Ë
°”Àπ¥„π·µà≈– ∂“π°“√≥å §◊Õ 10, 30, 50 ·≈– 100
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8. „™â PROC LOGISTIC ·≈– PROC GENMOD ª√–¡“≥§à“æ“√“¡‘‡µÕ√å„πµ—«·∫∫°“√
∂¥∂Õ¬≈Õ®‘ µ‘§ ∫—π∑÷°§à“ ∂‘µ‘ Wald, Score, Likelihood Ratio, HL ·≈– Deviance ¢Õß·µà≈– ∂“π°“√≥å

9. ·µà≈– ∂“π°“√≥å∑”°“√«π´È” 1,000 √Õ∫ ́ ÷Ëß®–∑”„Àâ‰¥â§à“ ∂‘µ‘·µà≈–µ—«®”π«π 1,000 §à“
10. π”§à“ ∂‘µ‘·µà≈–µ—« ¡“«‘‡§√“–ÀåÀ“≈—°…≥–°“√·®°·®ß ¥—ßπ’È

10.1  √â“ß Histogram ·≈– QQ Plot ¢Õß ∂‘µ‘·µà≈–µ—« ‡ª√’¬∫‡∑’¬∫°—∫°“√·®°·®ß
·∫∫ Chi-square ∑’Ë¡’ Degree of Freedom (DF) ‡∑à“°—π ‚¥¬∑’Ë ∂‘µ‘ Wald, Score, Likelihood Ratio
¡’ DF = 4 (®”π«πµ—«·ª√Õ‘ √–)  ∂‘µ‘ HL ¡’ DF = 8 ·≈–  ∂‘µ‘ Deviance ¡’ DF ‡∑à“°—∫º≈µà“ß
¢Õß®”π«π§à“ —ß‡°µ°—∫®”π«πæ“√“¡‘‡µÕ√å

10.2 ∑’ËÀ“ß¢«“¢Õß°“√·®°·®ß À“§à“ ∂‘µ‘·µà≈–µ—«∑’Ë α = 0.01, 0.05 ·≈– 0.10
®“°§à“§«Õπ‰∑≈å (Quantile) ∑’Ë 0.99, 0.95 ·≈– 0.90 µ“¡≈”¥—∫ ‡ª√’¬∫‡∑’¬∫°—∫§à“ ∂‘µ‘ Chi-square
∑’Ë¡’ DF ‡∑à“°—π ·≈–∑’Ë α ‡¥’¬«°—π  ”À√—∫§à“ ∂‘µ‘ Chi-square π—Èπ √â“ß®“°øíß°å™—π CINV(i-i/1000,DF),
‡¡◊ËÕ i = 1, 2, ..., 1,000 ÷́Ëß®–‰¥â§à“ ∂‘µ‘ Chi-square 1,000 §à“ ∑’Ë α = 0.001, 0.002, 0.003, ...,0.999
µ“¡≈”¥—∫

10.3 π”§à“ ∂‘µ‘ Chi-square ∑’Ë¡’ DF = 4 ∑’Ë α = 0.01, 0.05 ·≈– 0.10 ‰ªæ‘®“√≥“«à“
µ√ß°—∫µ”·Àπàß§«Õπ‰∑≈å∑’Ë‡∑à“‰√¢Õß°“√·®°·®ß¢Õß ∂‘µ‘ Wald, Score, Likelihood Ratio π”§à“ ∂‘µ‘
Chi-square ∑’Ë¡’ DF = 8 ‰ªæ‘®“√≥“«à“µ√ß°—∫µ”·Àπàß§«Õπ‰∑≈å∑’Ë‡∑à“‰√¢Õß°“√·®°·®ß¢Õß ∂‘µ‘ HL
·≈–π”§à“ ∂‘µ‘ Chi-square ∑’Ë¡’ DF ‡∑à“°—∫º≈µà“ß¢Õß®”π«π§à“ —ß‡°µ°—∫®”π«πæ“√“¡‘‡µÕ√å‰ªæ‘®“√≥“«à“
µ√ß°—∫µ”·Àπàß§«Õπ‰∑≈å∑’Ë‡∑à“‰√¢Õß°“√·®°·®ß¢Õß ∂‘µ‘ Deviance

º≈°“√»÷°…“
1. Histogram ·≈– QQ Plot

æ‘®“√≥“°“√·®°·®ß¢Õß ∂‘µ‘·µà≈–µ—«®“° Histogram ·≈– QQ Plot æ∫«à“ ∂‘µ‘∑’Ë¡’°“√
·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square ¡“°°«à“ ∂‘µ‘µ—«Õ◊ËπÊ ‡¡◊ËÕ n = 10 §◊Õ ∂‘µ‘ Deviance ·≈– Score
‡¡◊ËÕ n = 30, 50 ·≈– 100 §◊Õ ∂‘µ‘ HL · ¥ß¥—ß√Ÿª∑’Ë 1-10

√Ÿª∑’Ë 1 Histogram ¢Õß ∂‘µ‘ Deviance ‡¡◊ËÕ n = 10 √Ÿª∑’Ë 2 QQ Plot ¢Õß ∂‘µ‘ Deviance ‡¡◊ËÕ n = 10
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√Ÿª∑’Ë 3 Histogram ¢Õß ∂‘µ‘ Score ‡¡◊ËÕ n = 10 √Ÿª∑’Ë 4 QQ Plot ¢Õß ∂‘µ‘ Score ‡¡◊ËÕ n = 10

√Ÿª∑’Ë 5 Histogram ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 30 √Ÿª∑’Ë 6 QQ Plot ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 30

√Ÿª∑’Ë 7 Histogram ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 50 √Ÿª∑’Ë 8 QQ Plot ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 50
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√Ÿª∑’Ë 9 Histogram ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 100 √Ÿª∑’Ë 10 QQ Plot ¢Õß ∂‘µ‘ HL ‡¡◊ËÕ n = 100

2. ‡ª√’¬∫‡∑’¬∫§à“ ∂‘µ‘·µà≈–µ—«°—∫§à“ ∂‘µ‘ Chi-square ∑’Ë¡’ DF ‡∑à“°—π
 ∂‘µ‘ Wald, Score, Likelihood Ratio ¡’ DF = 4 (®”π«πµ—«·ª√Õ‘ √–)  ∂‘µ‘ HL ¡’

DF = 8 ·≈– ∂‘µ‘ Deviance ¡’ DF ‡∑à“°—∫º≈µà“ß¢Õß®”π«π§à“ —ß‡°µ°—∫®”π«πæ“√“¡‘‡µÕ√å ‡ª√’¬∫‡∑’¬∫
§à“ ∂‘µ‘·µà≈–µ—«°—∫§à“ ∂‘µ‘ Chi-square ∑’Ë¡’ DF ‡∑à“°—π ∑’Ë = 0.01, 0.05 ·≈– 0.10 · ¥ß„πµ“√“ß∑’Ë 1

µ“√“ß∑’Ë 1 ‡ª√’¬∫‡∑’¬∫§à“ ∂‘µ‘·µà≈–µ—«°—∫§à“ ∂‘µ‘ Chi-square ∑’Ë¡’ DF ‡∑à“°—π

n α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=5 DF=5

10 0.01 13.28 2.78 9.49 13.86 20.09 10.73 15.08 12.90
0.05 9.49 2.29 8.30 13.85 15.51 9.73 11.07 11.56
0.10 7.78 2.03 7.73 13.79 13.36 9.16 9.24 10.48

30 α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=25 DF=25
0.01 13.28 8.52 16.34 23.30 20.09 18.60 44.31 40.23
0.05 9.49 7.65 13.22 17.17 15.51 15.11 37.65 38.86
0.10 7.78 7.23 11.79 15.02 13.36 12.90 34.38 38.00
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µ“√“ß∑’Ë 1 (µàÕ)

n α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=45 DF=45
50 0.01 13.28 12.95 21.03 26.79 20.09 20.38 69.96 67.40

0.05 9.49 11.52 16.60 20.24 15.71 14.41 61.66 66.10
0.10 7.78 10.76 14.70 17.62 13.36 12.72 57.51 65.24

100 α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=95 DF=95
0.01 13.28 21.84 29.98 35.17 20.09 18.79 129.97 134.88
0.05 9.49 19.20 24.62 28.35 15.71 15.07 118.75 132.67
0.10 7.78 17.67 21.97 24.61 13.36 13.26 113.04 130.88

®“°µ“√“ß∑’Ë 1 ‡¡◊ËÕ n = 10 ∑’Ë α = 0.01  ∂‘µ‘ Likelihood Ratio (DF = 4) ¡’§à“„°≈â§à“ ∂‘µ‘
Chi-square (DF = 4) ¡“°∑’Ë ÿ¥ ∑’Ë α = 0.05  ∂‘µ‘ Deviance (DF = 5) ¡’§à“„°≈â§à“ ∂‘µ‘ Chi-square
(DF = 5) ¡“°∑’Ë ÿ¥ ·≈–∑’Ë α = 0.10  ∂‘µ‘ Score (DF = 4) ¡’§à“„°≈â§à“ ∂‘µ‘ Chi-square (DF = 4) ¡“°
∑’Ë ÿ¥ ‡¡◊ËÕ n = 30, 50 ·≈– 100  ∂‘µ‘ HL (DF = 8) ¡’§à“„°≈â§à“ ∂‘µ‘ Chi-square (DF = 8) ¡“°∑’Ë ÿ¥
∑’Ë√–¥—∫π—¬ ”§—≠ 0.01, 0.05 ·≈– 0.10

„π°“√∑¥ Õ∫ ¡¡ÿµ‘∞“π H0 ∑’Ë«à“µ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§‡À¡“– ¡°—∫¢âÕ¡Ÿ≈ ∂â“ ¡¡ÿµ‘„Àâ
 ∂‘µ‘·µà≈–µ—«¡’°“√·®°·®ß·∫∫ Chi-square √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ª µ—«Õ¬à“ß‡™àπ
‡¡◊ËÕ n = 10 ∂â“„™â°“√·®°·®ß®√‘ß¢Õß ∂‘µ‘ Deviance ®–ªØ‘‡ ∏ H0 ∑’Ë α = 0.05 ‡¡◊ËÕ ∂‘µ‘ Deviance
¡’§à“¡“°°«à“ 11.56 ·µà∂â“ ¡¡ÿµ‘„Àâ  ∂‘µ‘ Deviance ¡’°“√·®°·®ß·∫∫ Chi-square ®–ªØ‘‡ ∏ H0 ‡¡◊ËÕ
 ∂‘µ‘ Deviance ¡’§à“¡“°°«à“ 11.07 ́ ÷Ëß®–∑”„Àâ√–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫‡ª≈’Ë¬π®“° 0.05 ‡ªìπ 0.069
¥—ß· ¥ß„πµ“√“ß∑’Ë 2 ·≈–‡¡◊ËÕ n = 30 ∂â“„™â°“√·®°·®ß®√‘ß¢Õß ∂‘µ‘ HL ®–ªØ‘‡ ∏ H0 ∑’Ë α = 0.01
‡¡◊ËÕ ∂‘µ‘ HL ¡’§à“¡“°°«à“ 18.60 ·µà∂â“ ¡¡ÿµ‘„Àâ ∂‘µ‘ HL ¡’°“√·®°·®ß·∫∫ Chi-square ®–ªØ‘‡ ∏
H0 ‡¡◊ËÕ ∂‘µ‘ HL ¡’§à“¡“°°«à“ 20.09 ÷́Ëß®–∑”„Àâ√–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫‡ª≈’Ë¬π®“° 0.01 ‡ªìπ
0.003
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µ“√“ß∑’Ë 2 √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫‡¡◊ËÕ ¡¡ÿµ‘„Àâ ∂‘µ‘·µà≈–µ—«¡’°“√·®°·®ß·∫∫ Chi-square

n α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=5 DF=5
10 0.01 0.01 0.000 0.000 0.280 0.01 0.000 0.01 0.000

0.05 0.05 0.000 0.009 0.468 0.05 0.000 0.05 0.069
0.10 0.10 0.000 0.095 0.513 0.10 0.003 0.10 0.187

30 α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=25 DF=25
0.01 0.01 0.000 0.047 0.150 0.01 0.003 0.01 0.000
0.05 0.05 0.002 0.233 0.351 0.05 0.045 0.05 0.119
0.10 0.10 0.038 0.391 0.486 0.10 0.084 0.10 0.382

50 α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=45 DF=45
0.01 0.01 0.004 0.159 0.245 0.01 0.010 0.01 0.000
0.05 0.05 0.203 0.400 0.470 0.05 0.030 0.05 0.321
0.10 0.10 0.412 0.555 0.607 0.10 0.075 0.10 0.620

100 α Chi-square Wald Score Likelihood Chi-square HL Chi-square Deviance
Ratio

DF=4 DF=4 DF=4 DF=4 DF=8 DF=8 DF=95 DF=95
0.01 0.01 0.392 0.538 0.591 0.01 0.005 0.01 0.137
0.05 0.05 0.715 0.763 0.793 0.05 0.042 0.05 0.701
0.10 0.10 0.827 0.845 0.857 0.10 0.095 0.10 0.898

®“°µ“√“ß∑’Ë 2 ∂â“ ¡¡ÿµ‘„Àâ ∂‘µ‘∑ÿ°µ—«¡’°“√·®°·®ß·∫∫ Chi-square „π°“√∑¥ Õ∫ ¡¡ÿµ‘∞“π
‡¡◊ËÕ n = 10 ∑’Ë α = 0.05 ∂â“‡≈◊Õ°„™â ∂‘µ‘ Deviance √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ªπâÕ¬∑’Ë ÿ¥
·≈–∑’Ë α = 0.10 ∂â“‡≈◊Õ°„™â ∂‘µ‘ Score √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ªπâÕ¬∑’Ë ÿ¥ ·µà∑’Ë
α = 0.01 √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ª¡“°‰¡à«à“®–„™â ∂‘µ‘µ—«„¥°Áµ“¡ ‡¡◊ËÕ n = 30, 50
·≈– 100 ∂â“‡≈◊Õ°„™â ∂‘µ‘ HL √–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π‰ªπâÕ¬∑’Ë ÿ¥∑’Ë√–¥—∫π—¬ ”§—≠
0.01, 0.05 ·≈– 0.10
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3. √âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ‡¡◊ËÕ„Àâ ∂‘µ‘·µà≈–µ—«¡’°“√·®°·®ß·∫∫ Chi-square
§à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ∑’Ë α = 0.01, 0.05 ·≈– 0.10 ‡¡◊ËÕ ¡¡ÿµ‘„Àâ ∂‘µ‘·µà≈–µ—«

¡’°“√·®°·®ß·∫∫ Chi-square · ¥ß„πµ“√“ß∑’Ë 3

µ“√“ß∑’Ë 3 §à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ‡¡◊ËÕ ¡¡ÿµ‘„Àâ ∂‘µ‘·µà≈–µ—«¡’°“√·®°·®ß·∫∫ Chi-square

n α Wald Score Likelihood HL Deviance
Ratio

(%) (%) (%) (%) (%)
10 0.01 0.0 0.0 28.0 0.0 0.0

0.05 0.0 0.9 46.8 0.0 6.9
0.10 0.0 9.5 51.3 0.3 18.7

30 0.01 0.0 4.7 15.0 0.3 0.0
0.05 0.2 23.3 35.1 4.5 11.9
0.10 3.8 39.1 48.6 8.4 38.2

50 0.01 0.4 15.9 24.5 1.0 0.0
0.05 20.3 40.0 47.0 3.0 32.1
0.10 41.2 55.5 60.7 7.5 62.0

100 0.01 39.2 53.8 59.1 0.5 13.7
0.05 71.5 76.3 79.3 4.2 70.1
0.10 82.7 84.5 85.7 9.5 89.8

®“°µ“√“ß∑’Ë 3 ∂â“ ¡¡ÿµ‘„Àâ ∂‘µ‘∑ÿ°µ—«¡’°“√·®°·®ß·∫∫ Chi-square „π°“√∑¥ Õ∫ ¡¡ÿµ‘∞“π
‡¡◊ËÕ n = 10 ∑’Ë α  = 0.05 ∂â“‡≈◊Õ°„™â ∂‘µ‘ Deviance §à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ®–„°≈â°—∫§à“ α  ¡“°∑’Ë ÿ¥
·≈–∑’Ë α = 0.10 ∂â“‡≈◊Õ°„™â ∂‘µ‘ Score §à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ®–„°≈â°—∫§à“ α ¡“°∑’Ë ÿ¥ ·µà∑’Ë
α = 0.01 §à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ®–µà“ß®“°§à“ α ¡“° ‰¡à«à“®–‡≈◊Õ°„™â ∂‘µ‘µ—«„¥°Áµ“¡ ‡¡◊ËÕ
n = 30, 50 ·≈– 100 ∂â“‡≈◊Õ°„™â ∂‘µ‘ HL §à“√âÕ¬≈–¢Õß°“√ªØ‘‡ ∏ H0 ®–„°≈â°—∫ α  ¡“°∑’Ë ÿ¥∑’Ë√–¥—∫
π—¬ ”§—≠ 0.01, 0.05 ·≈– 0.10

 √ÿª·≈–«‘®“√≥åº≈°“√»÷°…“
º≈°“√»÷°…“°“√·®°·®ß¢Õß ∂‘µ‘ Wald, Score, Likelihood Ratio, Hosmer and Lemeshow

(HL) ·≈– Deviance ∑’Ë„™â ”À√—∫µ√«® Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ‡¡◊ËÕµ—«Õ¬à“ß¡’
¢π“¥‡≈Á° ‚¥¬„™â°“√®”≈Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ∑’Ë¡’µ—«·ª√Àÿàπ 2 µ—« ·≈–µ—«·ª√µàÕ‡π◊ËÕß 2 µ—« ‚¥¬
∑”°“√®”≈Õß∑—ÈßÀ¡¥ 4  ∂“π°“√≥å §◊Õ ∑’Ëµ—«Õ¬à“ß¢π“¥ 10, 30, 50 ·≈– 100 ·µà≈– ∂“π°“√≥å∑” È́” 1,000
√Õ∫ æ∫«à“ ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥ 10  ∂‘µ‘∑’Ë¡’°“√·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square ¡“°∑’Ë ÿ¥∑’Ë
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α = 0.05 §◊Õ Deviance ·≈–∑’Ë α = 0.10 §◊Õ Score °“√»÷°…“§√—Èßπ’È∑”°“√‡ª√’¬∫‡∑’¬∫°“√·®°·®ß¢Õß
 ∂‘µ‘·µà≈–µ—«°—∫°“√·®°·®ß·∫∫ Chi-square ‡©æ“–∫√‘‡«≥À“ß¢«“¢Õß°“√·®°·®ß‡∑à“π—Èπ ‡π◊ËÕß®“°‡ªìπ
∫√‘‡«≥∑’Ë ”§—≠∑’Ë‡°’Ë¬«¢âÕß°—∫°“√µ—¥ ‘π„®¬Õ¡√—∫À√◊ÕªØ‘‡ ∏ ¡¡ÿµ‘∞“πÀ≈—° (H0) ∑’Ë«à“µ—«·∫∫°“√∂¥∂Õ¬
≈Õ®‘ µ‘§‡À¡“– ¡°—∫¢âÕ¡Ÿ≈ º≈∑’Ë‰¥â®÷ß·µ°µà“ß®“°∑ƒ…Æ’µ—«Õ¬à“ß¢π“¥„À≠à∑’Ë«à“  ∂‘µ‘ Deviance ·≈–
Score ®–¡’°“√·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square µàÕ‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥„À≠à [2, 3, 5] ´÷Ëß
‡ªìπ°“√°≈à“«∂÷ß∫√‘‡«≥∑—ÈßÀ¡¥¢Õß°“√·®°·®ß ·≈–‡¡◊ËÕ°”Àπ¥ α = 0.01 ‰¡à§«√„™âµ—«·∫∫°“√∂¥∂Õ¬
≈Õ®‘ µ‘§°—∫µ—«Õ¬à“ß¢π“¥ 10 ‡π◊ËÕß®“°‰¡à¡’ ∂‘µ‘µ—«„¥‡À¡“– ¡∑’Ë®–„™âæ‘®“√≥“§«“¡‡À¡“– ¡¢Õßµ—«·∫∫
·¡â«à“∑’Ë α = 0.01  ∂‘µ‘ Likelihood Ratio ®–¡’§à“„°≈â§à“ ∂‘µ‘ Chi-square ¡“°∑’Ë ÿ¥°Áµ“¡ ·µà∂â“ ¡¡ÿµ‘„Àâ
 ∂‘µ‘ Likelihood Ratio ¡’°“√·®°·®ß·∫∫ Chi-square ·≈â«√–¥—∫π—¬ ”§—≠¢Õß°“√∑¥ Õ∫®–‡ª≈’Ë¬π
‰ª¡“°§◊Õ®“° 0.01 ‡ªìπ 0.28 ®÷ß‰¡à‡À¡“– ¡∑’Ë®–π”‰ª„™â

‡¡◊ËÕµ—«Õ¬à“ß¡’¢π“¥ 30, 50 ·≈– 100  ∂‘µ‘ HL ¡’°“√·®°·®ß„°≈â°“√·®°·®ß·∫∫ Chi-square
¡“°∑’Ë ÿ¥∑’Ë√–¥—∫π—¬ ”§—≠ 0.01, 0.05 ·≈– 0.10 Hosmer and Lemeshow [4] π”‡ πÕ ∂‘µ‘ HL
 ”À√—∫µ√«® Õ∫§«“¡‡À¡“– ¡¢Õßµ—«·∫∫°“√∂¥∂Õ¬≈Õ®‘ µ‘§ ‚¥¬·∫àß§à“ —ß‡°µÕÕ°‡ªìπ 10 °≈ÿà¡
‡∑à“Ê °—π ‚¥¬„™â§à“§«“¡πà“®–‡ªìπ∑’Ëæ¬“°√≥å‰¥â‡ªìπµ—«·∫àß°≈ÿà¡ ·≈â«§”π«≥§à“ ∂‘µ‘ HL ®“°®”π«π§√—Èß
¢Õß°“√‡°‘¥‡Àµÿ°“√≥å„π·µà≈–°≈ÿà¡ ·≈–®”π«π§√—Èß∑’Ë§“¥À«—ß¢Õß°“√‡°‘¥‡Àµÿ°“√≥å„π·µà≈–°≈ÿà¡ ‚¥¬„™â
À≈—°°“√‡¥’¬«°—π°—∫°“√§”π«≥§à“ ∂‘µ‘ Pearson Chi-square  ∂‘µ‘ HL ®–¡’°“√·®°·®ß„°≈â°“√·®°·®ß
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