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ABSTRACT 

 We present that decoherence is caused by only the weak measurement, 
although there is no environment interactions. After we reduce the density matrix for 
the composite system by using the partial trace, coherence is destroyed for large time 
limit. This result is as same as the environment-induced decoherence. We analyze 
decay and define the decoherence time scale for decaying of the off-diagonal elements. 
This decoherence time scale obeys the uncertainty relation for time and energy. For an 
example, we solve the Stern-Gerlach experiment for investigating the spin state. 
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ρ0 → ρt = U(t, t0)ρ0U
†(t, t0), (2)

ih̄
∂

∂t
|Ψ〉 = H |Ψ〉 , (1)

U(t, t0) = exp
[
− i

h̄
H(t − t0)

]
. (3)

p(m) = 〈Ψ|P†
mPm |Ψ〉 , (4)
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ρ0 → ρ =
∑
m

P†
mρ0Pm. (5)

ρt = U(t, t0)

⎡
⎣ |sin θ|2 sin θ cos∗ θ

sin∗ θ cos θ |cos θ|2
⎤
⎦U †(t, t0), (6)

ρt =

⎡
⎣ |sin θ|2 e−iωt sin θ cos∗ θ

eiωt sin∗ θ cos θ |cos θ|2
⎤
⎦ . (9)

U(t, 0) = e−
i
2
ωσt, (7)

σ =

⎡
⎣ 1 0

0 −1

⎤
⎦ . (8)

P↑ = |↑〉 〈↑| =

⎡
⎣ 1 0

0 0

⎤
⎦ , P↓ = |↓〉 〈↓| =

⎡
⎣ 0 0

0 1

⎤
⎦ , (10)
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ρ =

⎡
⎣ |sin θ|2 0

0 |cos θ|2
⎤
⎦ . (11)

⎡
⎣ |sin θ|2 0

0 |cos θ|2
⎤
⎦ �=

⎡
⎣ |sin θ|2 e−iωt sin θ cos∗ θ

eiωt sin∗ θ cos θ |cos θ|2
⎤
⎦ . (12)

Htotal = HS+HA+HI, (13)

HI = g(t)xA, (14)

A|am〉 = am|am〉. (15)
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〈x0|Ψ(t = 0)〉 =

(
1√
απ

e−
x2
0

2α2 − i
h̄

p0x0

)
|quantum state〉 (16)

ρ0 = ρA0 ⊗ ρS0, (17)

HA =
P2

2M
, (18)

U(t, t0 = 0) = exp

{
− i

h̄
(HS +

P2

2M
+ gxA)t

}
(19)

ρ0 → ρt = U(t, t0)ρ0U
†(t, t0). (20)
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ρt = e−
i
h̄
HSt

[
e−

i
h̄
( P2

2M
+gxA)tρ0e

i
h̄
( P2

2M
+gxA)t

]
e

i
h̄
HSt. (21)

ρt = e−
i
h̄
HSt

∫
dx′′

∫
dx′

∫
dx0

∫
dx′

0|x′′〉K(x′′, x′
0; t|A)ρS0〈x′

0|ρA0|x0〉K†(x′, x0; t|A)〈x′|e i
h̄
HSt,

(22)

K(x′′, x′
0; t|A) = 〈x′′|e− i

h̄
( P2

2M
+gAx)t|x′

0〉

=
(

M

2πih̄t

) 1
2

exp

{
i

h̄

[
M

2t
(x′′ − x′

0)
2 +

gAt

2
(x′′ + x′

0) −
g2A2t3

24M

]}
(23)

and

K(x′, x0; t|A) = 〈x′|e− i
h̄
( P2

2M
+gAx)t|x0〉

=
(

M

2πih̄t

) 1
2

exp

{
i

h̄

[
M

2t
(x′ − x0)

2 +
gAt

2
(x′ + x0) − g2A2t3

24M

]}
. (24)

ρst = Trap[ρt] ≡
∫

dx〈x|ρt|x〉. (25)

ρst = e−
i
h̄
HSt

∫
dxΨ(x, t|A)ρS0Ψ

†(x, t|A)e
i
h̄
HSt, (26)
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Ψ(x, t|A) ≡
∫

dx′
0K(x, x′

0; t|A)

[
1√
απ

e−
x′20
2α2 − i

h̄
p0x′

0

]
. (27)

Ψ(x, t|A) =

√
α

π

√√√√ 1

α2 + ih̄t
M

exp

⎡
⎢⎣− i

h̄

⎛
⎜⎝Mα2

2t

(
p0t
M

− x + 1
2M

gAt2
)2

α2 + ih̄t
M

+

(
Mx2

2t
+ gAxt +

g2A2t3

24M

)⎞⎟⎠
⎤
⎥⎦ .

(28)

So the position distribution is

|Ψ(x, t|A)|2 =

⎡
⎣ 1

π

√√√√ α2

α4 + h̄2t2

M2

⎤
⎦ exp

⎧⎨
⎩
⎛
⎝− 1

α4 + h̄2t2

α2M2

⎞
⎠[

x − (
p0t

M
+

1

2M
gAt2)

]2
⎫⎬
⎭ . (29)

Δx =
1

2M
gΔAt2; ΔA = |am − am+1|. (30)

∫
dxΨ(x, t|an)Ψ†(x, t|am)

=

⎡
⎣ 1

π

√√√√ α2

α4 + h̄2t2

M2

⎤
⎦ ∫ dx exp

[
− i

h̄
(gxt) (an − am) − i

h̄

(
g2t3

24M

)(
a2

n − a2
m

)]

× exp

⎡
⎢⎣− i

h̄

(
Mα2

2t

)⎛⎜⎝
(

p0t
M

− x + 1
2M

gant
2
)2

α2 + ih̄t
M
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(

p0t
M

− x + 1
2M

gamt2
)2

α2 − ih̄t
M

⎞
⎟⎠
⎤
⎥⎦

= exp
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−
(

gαt

4h̄

)2
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exp

[
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(
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24M

)(
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ρst = e−
i
h̄
HSt

∑
n

∑
m

|an〉 〈am| 〈an|ρs0|am〉
(
e
− i

h̄

(
g2t3

24M

)
(a2

n−a2
m)

Gnm(t)

)
e

i
h̄
HSt, (32)

Gnm(t) = exp

[
−
(

αgt

4h̄

)2

(an − am)2

]
. (33)

 

τd =
4h̄

αgΔanm

, (34)

ΔEΔt ≥ h̄, (35)

After t � τd , the density matrix ρst becomes

ρst = e−
i
h̄
HSt

[∑
n

〈an|ρS0|an〉Pn

]
e

i
h̄
HSt (36)

  
 
 
 
 

 Gnm(t)   
 
 
 
 
  Gnm(t)  

 
 (Since [HS,A] = 0, Gnm = 0 ∀m �= n 

 〈am|ρst|an〉 = 0 ∀m �= n i.e. ρst is the diagonal matrix).   
 1/e  
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Htotal = HA+HS+HAS =
P2

2m
+ λσz + εxσz, (37)

〈x|Ψ0〉 =

⎛
⎝ 1√

α
√

π
e

i
h̄

p0x− x2

2α2

⎞
⎠ |S〉, (38)
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〈x|ρ0|x′〉 =

⎛
⎝ 1√

α
√

π
e

i
h̄

p0x− x2

2α2

⎞
⎠ |S〉〈S|

⎛
⎝ 1√

α
√

π
e−

i
h̄

p0x′− x′2
2α2

⎞
⎠ . (39)

ρt = U(t, t0)ρ0U
†(t, t0), (40)

U(t, t0 = 0) = e−
i
h̄
( P2

2m
+λσz+εxσz)t. (41)

U(t, t0) = e−
i
h̄
(λσz)te−

i
h̄
( P2

2m
+εxσz)t (42)

U †(t, t0) = e
i
h̄
( P2

2m
+εxσz)te

i
h̄
(λσz)t (43)

for
[
P2

2m
, λσz

]
= 0 and [λσz, εxσz] = 0.

e
i
h̄
(λσj)t, (44)

Gij(t) = exp

[
−
(

αεt

4h̄

)2

(σi − σj)
2

]
. (45)

Gij(t) =

{
1 ; σi = σj

0 ; otherwise
(46)

ρst =
2∑

i=1

2∑
j=1

e−
i
h̄
(λσi)t |σz, i〉 〈σz, j| 〈σz, i|ρS0|σz, j〉 e

− i
h̄

(
ε2t3

24M

)
(σ2

i −σ2
j )Gij(t)

[ ]
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ρst =
2∑

i=1

|σz, i〉 〈σz, i| 〈σz, i| ρS0 |σz, i〉 (47)

ρst =
2∑

i=1

Pi 〈σz, i| ρS0 |σz, i〉 (48)

ρst =

⎡
⎣ | sin θ|2 0

0 | cos θ|2
⎤
⎦ . (49)

  
 
 
 

 
 
 

 Pi = |σz, i〉 〈σz, i|  |σz, i〉, i = 1, 2   
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