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ABSTRACT

The aim of this article is to study the solution of a piecewise linear system of

difference equations, prime period 4 and equilibrium point of system 

and  with initial conditions  and . The equilibrium point

of the system is (-1,0) which is obtained by computer program and some direct computations.
Moreover there are prime period 4 solutions of the system. We prove that every solution with
the initial condition is eventually prime period 4 solution or equilibrium point by finding the
pattern of solution that involves positive integers. We prove the inductive statement by using
the mathematical induction.
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∫∑π”
 ¡°“√‡™‘ßº≈μà“ßÀ√◊Õøíß°å™—π‡«’¬π‡°‘¥ (Recurrence relation) °≈à“«∂÷ßª√“°Ø°“√≥åμà“ßÊ

¿“¬„μâ‡«≈“ ÷́Ëß‡ªìπ«‘™“∑’Ëπ—° √â“ß·∫∫®”≈Õß∑“ß«‘¬ÿμ§≥‘μ»“ μ√å (Discrete Mathematical Models)
π”‰ªª√–¬ÿ°μå‰¥âÀ≈“°À≈“¬‡™àπ ·∫∫®”≈Õß∑“ß§≥‘μ»“ μ√å Neural networks [1] ·∫∫®”≈Õß∑“ß
‡»√…∞»“ μ√å [2] ·∫∫®”≈Õß∑“ßª√–™“°√»“ μ√å [3] ·≈–‰¥â¡’π” ¡°“√‡™‘ßº≈μà“ß √â“ß®”≈Õß°“√
§«∫§ÿ¡®”π«π¬ÿß [4] πÕ°®“°π’È¬—ß¡’°“√π” ¡°“√‡™‘ß§≥‘μ»“ μ√å‰ªª√–¬ÿ°μå„™â„π “¢“«‘™“Õ◊ËπÊ [5] ‡™àπ
∑“ßπ‘‡«»«‘∑¬“ ·≈–√–∫“¥«‘∑¬“‡ªìπμâπ

Devaney ([6, 7]) ‰¥â»÷°…“‡°’Ë¬«°—∫ ¡°“√‡™‘ß‡ âπ‡ªìπ™à«ß¢Õß ¡°“√‡™‘ßº≈μà“ß´÷Ëß‡ªìπ∑’Ë√Ÿâ®—°
°—π„π™◊ËÕ¢Õß øíß°å™—π¢π¡ªíß¢‘ß (Gingerbreadman map)

(1)

 ¡°“√ (1)  ¡π—¬°—∫√–∫∫ ¡°“√‡™‘ß‡ âπ‡ªìπ™à«ß

(2)

®“°°“√°≈à“«∂÷ß„π Grove ·≈–§≥– [8] ‰¥â∑√“∫«à“ Gerasimos Ladas ·≈–∑’¡«‘®—¬‰¥â∑”
°“√»÷°…“√–∫∫ ¡°“√‡™‘ßº≈μà“ß·≈–‰¥âμ—Èß„Àâ‡ªìπªí≠À“ª≈“¬‡ªî¥‚¥¬«“ßπ—¬‚¥¬∑—Ë«‰ª¢Õß√–∫∫ ¡°“√ (2)
¥—ßπ’È

(3)

‚¥¬∑’Ë‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0)  R
2 æ“√“¡‘‡μÕ√å a,b,c ·≈– d ·μà≈–®”π«π‡ªìπ®”π«π‡μÁ¡μ—Èß·μà -1 ∂÷ß 1

∑—Èßπ’È‰¥â¡’ºŸâ∑’Ë»÷°…“À“º≈‡©≈¬®“°ªí≠À“ª≈“¬‡ªî¥ (3) ‡™àπ Grove ·≈–§≥– [8] ‰¥â§âπæ∫«à“æƒμ‘°√√¡
¢Õßº≈‡©≈¬¢Õß√–∫∫ ¡°“√‡™‘ßº≈μà“ß

(4)

æ∫«à“∑ÿ°Ê º≈‡©≈¬¢Õß√–∫∫ ¡°“√ (4) ‡ªìπ‰æ√¡åæ’‡√’¬¥ 3 „π∑’Ë ÿ¥ Tikjha ·≈–§≥– [9] ‰¥â»÷°…“
√–∫∫ ¡°“√‡™‘ßº≈μà“ß

(5)

æ∫«à“∑ÿ°Ê º≈‡©≈¬¢Õß√–∫∫ ¡°“√ (5) ‡ªìπ‰æ√¡åæ’‡√’¬¥ 3 „π∑’Ë ÿ¥
Krinket ·≈– Tikjha [10] ‰¥â»÷°…“æƒμ‘°√√¡¢Õßº≈‡©≈¬¢Õß√–∫∫ ¡°“√‡™‘ßº≈μà“ß∑’Ë‡ªìπ

°√≥’‡©æ“–¢Õß√–∫∫ ¡°“√ (3) ‰¥â·°à√–∫∫ ¡°“√

(6)

∑’Ë¡’‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0) ‡ªìπ®ÿ¥„π∫“ß∫√‘‡«≥¢Õß R2 ‚¥¬∑’Ë  ·≈– x0 = 0 ∑√“∫

«à“∑ÿ°º≈‡©≈¬¢Õß√–∫∫ ¡°“√ (6) ∑’Ë¡’‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ¥—ß°≈à“«‡ªìπ‰æ√¡åæ’‡√’¬¥ 4 „π∑’Ë ÿ¥
ºŸâ«‘®—¬ π„®∑’Ë®–«“ßπ—¬‚¥¬∑—Ë«‰ª¢Õß√–∫∫ ¡°“√ (6) ‰¥â·°à√–∫∫ ¡°“√

(7)
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‡¡◊ËÕ b ‡ªìπ®”π«π‡μÁ¡∫«°„¥Ê „π∫∑§«“¡π’ÈμâÕß°“√»÷°…“√–∫∫ ¡°“√∑’Ë‡ªìπ√–∫∫ ¡°“√¬àÕ¬¢Õß√–∫∫ ¡°“√

(7) ‚¥¬∑’Ë b = 2 ·≈–¡’‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0) ‡ªìπ®ÿ¥„π∫“ß∫√‘‡«≥¢Õß R2 ‚¥¬∑’Ë x0 = 0 ·≈– 

«—μ∂ÿª√– ß§å¢Õßß“π«‘®—¬π’È‡æ◊ËÕ‡ªìπª√–‚¬™πå∑“ß«‘™“°“√∑’Ë‰¥â∑√“∫æƒμ‘°√√¡‚¥¬√«¡¢Õß√–∫∫ ¡°“√ (7)
·≈–Õ“®‡ªìπ‡§√◊ËÕß¡◊Õ„Àâπ—°§≥‘μ»“ μ√åπ”‰ª„™â„π°“√ √â“ß·∫∫®”≈Õß∑“ß§≥‘μ»“ μ√åμàÕ‰ª

«‘∏’∑¥≈Õß
∑”°“√ ”√«®æƒμ‘°√√¡¢Õß√–∫∫ ¡°“√ (7) ‚¥¬„™â§Õ¡æ‘«‡μÕ√å„π°“√ ”√«®À“æƒμ‘°√√¡

‚¥¬«‘∏’°“√∑”´È” (iteration) ·≈–‡ª≈’Ë¬π§à“‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0) ‡™àπ‡¥’¬«°—∫∫∑§«“¡ [9] ·≈– [10]
‡ªìπ§à“μà“ßÊ ∑’Ë¡“°æÕ∑’Ë®– “¡“√∂§“¥‡¥“æƒμ‘°√√¡¢Õßº≈‡©≈¬‚¥¬√«¡‰¥â„π R2 ‚¥¬∑’Ë x0 = 0 ·≈–

 ®“°π—Èππ”º≈®“°°“√ ”√«®¡“ √â“ß¢âÕ§«“¡§“¥°“√≥å·≈–∑”°“√æ‘ Ÿ®πå´÷Ëß°“√æ‘ Ÿ®πå®”‡ªìπ

μâÕßÕ“»—¬∫∑π‘¬“¡„π [11] ∑’Ë ”§—≠¥—ßμàÕ‰ªπ’È
 ¡°“√‡™‘ßº≈μà“ß (difference equation) Õ—π¥—∫ k + 1 §◊Õ  ¡°“√∑’Ë “¡“√∂‡¢’¬πÕ¬Ÿà„π√Ÿª

xn+1 = ƒ(xn, xn-1 ,..., xn-k), n = 0, 1, 2, ... (8)

‚¥¬∑’Ë ƒ ‡ªìπøíß°å™—πμàÕ‡π◊ËÕß®“°‡´μ Jk+1 ‰ª¬—ß J ´÷Ëß‡´μ J ‡ªìπ™à«ß∫π®”π«π®√‘ßÀ√◊Õ¬Ÿ‡π’¬π¢Õß™à«ß
∫π®”π«π®√‘ß·≈– J Õ“®‡ªìπ‡´μ‰¡àμàÕ‡π◊ËÕß º≈‡©≈¬ (solution) ¢Õß ¡°“√‡™‘ßº≈μà“ß (8) §◊Õ≈”¥—∫

 ´÷Ëß Õ¥§≈âÕß°—∫ ¡°“√‡™‘ßº≈μà“ß (8)  ”À√—∫∑ÿ°Ê n ≥ 0 ‡¡◊ËÕ°”Àπ¥„Àâ‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (initial

condition) x-k, x-k+1
, ... , x

0 
 J ®–‰¥â«à“

·≈–‰¥â«à“  ‡ªìπº≈‡©≈¬¢Õß ¡°“√ (8)  ”À√—∫∑ÿ°Ê n ≥ -k ·≈– ”À√—∫·μà≈–‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ®–

‰¥âº≈‡©≈¬  ¡’‡æ’¬ß™ÿ¥‡¥’¬« º≈‡©≈¬¢Õß ¡°“√‡™‘ßº≈μà“ß (8) ´÷Ëß‡ªìπ§à“§ß∑’Ë ∑ÿ°Ê n ≥ -k ∂Ÿ°

‡√’¬°«à“ º≈‡©≈¬ ¡¥ÿ≈ (equilibrium solution) ¢Õß ¡°“√ (8) ∂â“  ‡ªìπº≈‡©≈¬ ¡¥ÿ≈  ”À√—∫

∑ÿ°Ê n ≥ -k ·≈â«  ®–∂Ÿ°‡√’¬°«à“ ®ÿ¥ ¡¥ÿ≈ (equilibrium point) ¢Õß ¡°“√ (8) º≈‡©≈¬ 

¢Õß ¡°“√‡™‘ßº≈μà“ß (8) ®–∂Ÿ°‡√’¬°«à“‡ªìπ §“∫ p (periodic with period p) ∂â“¡’®”π«π‡μÁ¡ p ≥ 1 ´÷Ëß

xn+p = xn  ”À√—∫∑ÿ°Ê n ≥ -k (9)

‡ÀÁπ‰¥â™—¥«à“®ÿ¥ ¡¥ÿ≈‡ªìπ§“∫ p  ”À√—∫∑ÿ°Ê ®”π«π‡μÁ¡∫«° p ‡√“®–°≈à“««à“ º≈‡©≈¬‡ªìπ ‰æ√¡åæ’‡√’¬¥
p (prime period p) ∂â“ p ‡ªìπ®”π«π‡μÁ¡∫«°∑’ËπâÕ¬∑’Ë ÿ¥´÷Ëß Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢ (9) „π°√≥’π’È‡√’¬°
p- Õ—π¥—∫ (xn+1, xn+2 ,..., xn+p) «à“‡ªìπ «ß p (p-cycle) ¢Õß ¡°“√ (8) º≈‡©≈¬  ¢Õß√–∫∫

 ¡°“√ (8) Õ“®¬—ß‰¡à‡ªìπ ¡“™‘°¢Õß«ßÀ√◊Õ‡ªìπ‰æ√å¡æ’‡√’¬¥μ—Èß·μà·√°À“°∑”°“√∑” È́”º≈‡©≈¬®π∑”„Àâº≈



«“√ “√«‘∑¬“»“ μ√å ¡»« ªï∑’Ë 33 ©∫—∫∑’Ë 2 ∏—π«“§¡ (2560) 187

‡©≈¬Õ¬Ÿà„π«ßÀ√◊Õº≈‡©≈¬‡ªìπ‰æ√å¡æ’‡√’¬¥ º≈‡©≈¬¥—ß°≈à“«∂Ÿ°‡√’¬°«à“§“∫ p „π∑’Ë ÿ¥ π—Ëπ§◊Õ¡’®”π«π‡μÁ¡
N ≥ -k ´÷Ëß  ‡ªìπ§“∫ p ‰¥â·°à xn+p = xn  ”À√—∫∑ÿ°Ê n ≥ N

°”Àπ¥„Àâ  À¡“¬∂÷ß «ß 4 ¢Õß√–∫∫ ¡°“√∑’Ëª√–°Õ∫¥â«¬®ÿ¥ (x0, y0), (x1, y1), (x2, y2) ·≈–

(x3, y3) ·≈–‰¥â«à“ (x4, y4) = (x0, y0), (x5, y5) = (x1, y1), (x6, y6) = (x2, y2), (x7, y7) = (x3, y3), (x8, y8)
= (x0, y0), ...

º≈°“√∑¥≈Õß
‡√“®–»÷°…“√–∫∫ ¡°“√‡™‘ßº≈μà“ß‡™‘ß‡ âπ‡ªìπ™à«ß

(10)

‚¥¬‡√‘Ë¡∑’Ë‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ x0 = 0 ·≈–  ´÷Ëß‡√“‰¥â®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫ ¡°“√ (10) §◊Õ®ÿ¥ (-1,0)

´÷Ëß®ÿ¥ ¡¥ÿ≈À“‰¥â®“°°“√·°â√–∫∫ ¡°“√

‚¥¬∑”°“√æ‘®“√≥“°√≥’∑’Ë  ‡ªìπ®ÿ¥„π®μÿ¿“§∑—Èß 4 ·≈–‰¥â«ß¢Õß√–∫∫ ¡°“√ (10) ¥—ßπ’È

·≈–

 ¡“™‘°„π«ß P4.1 À“‰¥â®“°°“√·∑π§à“‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0) = (0, 0) ·≈â«‰¥â«à“ (x10, y10) = (-5, -2)  à«π

«ß P4.2 À“‰¥â®“° (x0, y0) =  ‡¡◊ËÕ  ‡ªìπ≈‘¡‘μ¢Õß≈”¥—∫¢Õß¢Õ∫‡¢μ¢Õß™à«ß„π∑ƒ…Æ’∫∑´÷Ëß®–

°≈à“«∂÷ß¿“¬À≈—ß
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∫∑μ—Èß 1  °”Àπ¥„Àâ  ‡ªìπº≈‡©≈¬¢Õß ¡°“√ (10)  ¡¡μ‘„Àâ¡’®”π«π‡μÁ¡∫«° N ´÷Ëß

yN = -xN - 1 < 0 ®–‰¥â«à“ ∂â“ xN ≤ 0 ·≈â« (xN+1, yN+1) = (1,0)
æ‘ Ÿ®πå  °”Àπ¥„Àâ xN ≤ 0 ¥—ßπ—Èπ

¥—ßπ—Èπ (xN+1, yN+1) = (-1,0)

∫∑μ—Èß 2 °”Àπ¥„Àâ  ‡ªìπº≈‡©≈¬¢Õß ¡°“√ (10)  ¡¡μ‘„Àâ¡’®”π«π‡μÁ¡∫«° N ´÷Ëß

yN = xN + 3 ·≈–∂â“ xN ≥ 0 ®–‰¥â«à“ (xN+1, yN+1) = (-5,-2)
æ‘ Ÿ®πå  °”Àπ¥„Àâ xN ≥ 0 ¥—ßπ—Èπ

¥—ßπ—Èπ (xN+1, yN+1) = (-5,-2)

∑ƒ…Æ’∫∑  °”Àπ¥„Àâ  ‡ªìπº≈‡©≈¬¢Õß ¡°“√ (10) ·≈– 

®–‰¥â«à“º≈‡©≈¬¢Õß√–∫∫ ¡°“√ (10) ∑’Ë¡’‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ (x0, y0)  l ‡ªìπ‰æ√¡åæ’‡√’¬¥ 4 À√◊Õ®ÿ¥ ¡¥ÿ≈
„π∑’Ë ÿ¥

æ‘ Ÿ®πå  „Àâ (x0, y0)  l ®–‰¥â«à“ x0 = 0 ·≈– 

°√≥’ 1 ∂â“  ·≈â« x4 ≥ 0 ®–‰¥â«à“
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°√≥’ 1.1 ∂â“  ·≈â« x9 ≥ 0 ‚¥¬∫∑μ—Èß 2 ®–‰¥â«à“ (x10, y10) = (-5, -2)  P4.1

°√≥’ 1.2 ∂â“  ·≈â« x9 < 0 ·≈–‰¥â«à“

π—Ëπ§◊Õ (x14, y14) = (-5, -2)  P4.1

°√≥’ 2 ∂â“  ·≈â« x4 < 0 ‡√“®–· ¥ß«à“  ”À√—∫  ®–‰¥â«à“º≈‡©≈¬¢Õß√–∫∫

 ¡°“√‡ªìπ‰æ√¡åæ’‡√’¬¥ 4 À√◊Õ®ÿ¥ ¡¥ÿ≈„π∑’Ë ÿ¥ ‚¥¬„™âÀ≈—°Õÿªπ—¬‡™‘ß§≥‘μ»“ μ√å  ”À√—∫®”π«π‡μÁ¡

n ≥ 1 °”Àπ¥„Àâ  ·≈– P(n) ·∑π

¢âÕ§«“¡ ''   ”À√—∫  ®–‰¥â«à“
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1. ®–· ¥ß«à“ P(1) ‡ªìπ®√‘ß ”À√—∫ 

   



«“√ “√«‘∑¬“»“ μ√å ¡»« ªï∑’Ë 33 ©∫—∫∑’Ë 2 ∏—π«“§¡ (2560) 191

∂â“  ·≈â« x4(1)+9 ≥ 0 ‚¥¬∫∑μ—Èß 2 ®–‰¥â«à“ 

∂â“  ·≈â« x4(1)+9 < 0 ®–‰¥â«à“

∂â“  ·≈â« x4(1)+4 = -16y0 
+ 5 < 0 ¥—ßπ—Èπ P(1) ‡ªìπ®√‘ß

2.  ¡¡μ‘„Àâ P(k) ‡ªìπ®√‘ß ®–· ¥ß«à“ P(k+1) ‡ªìπ®√‘ß‡π◊ËÕß®“° P(k) ‡ªìπ®√‘ß ®–‰¥â«à“

 ·≈– y
4k+4 = 0 ¥—ßπ—Èπ  ”À√—∫

®–‰¥â«à“  ·≈–
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∂â“  ·≈â« x
4(k+1)+4 < 0 π—Ëπ§◊Õ P(k+1) ‡ªìπ®√‘ß‚¥¬À≈—°Õÿªπ—¬

‡™‘ß§≥‘μ»“ μ√å “¡“√∂ √ÿª‰¥â«à“ P(n) ‡ªìπ®√‘ß ”À√—∫∑ÿ°Ê ®”π«π‡μÁ¡ n ≥ 1 ®–‡ÀÁπ‰¥â™—¥«à“

·≈–∂â“„Àâ‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ  „π√–∫∫ ¡°“√ (10) ®–‰¥â«à“ 

¥—ßπ—Èπº≈‡©≈¬¢Õß√–∫∫ ¡°“√ (10) ‡ªìπ‰æ√¡åæ’‡√’¬¥ 4 À√◊Õ®ÿ¥ ¡¥ÿ≈„π∑’Ë ÿ¥

 √ÿª·≈–«‘®“√≥åº≈°“√∑¥≈Õß
®“°°“√»÷°…“æƒμ‘°√√¡¢Õßº≈‡©≈¬¢Õß√–∫∫ ¡°“√‡™‘ßº≈μà“ß‡™‘ß‡ âπ‡ªìπ™à«ß (10) ∑’Ë¡’

‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ  À“°‡≈◊Õ°‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ x0 = 0 ·≈–  º≈‡©≈¬¢Õß

√–∫∫ ¡°“√®–‡ªìπ®ÿ¥ ¡¥ÿ≈ À“°‡≈◊Õ°‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ x0 = 0 ·≈–  º≈‡©≈¬¢Õß√–∫∫ ¡°“√®–

‡ªìπ ¡“™‘°„π«ß P4.1 „π∑’Ë ÿ¥·≈–À“°‡≈◊Õ°‡ß◊ËÕπ‰¢‡√‘Ë¡μâπ x0 = 0 ·≈–  º≈‡©≈¬®–‡ªìπ ¡“™‘°

P4.2 „π∑’Ë ÿ¥ ®÷ß “¡“√∂ √ÿª‰¥â«à“º≈‡©≈¬‰æ√¡åæ’‡√’¬¥ 4 À√◊Õ®ÿ¥ ¡¥ÿ≈„π∑’Ë ÿ¥ ́ ÷Ëß‡ªìπ¢âÕ √ÿª∑’Ë·μ°μà“ß®“°
[10] ∑”„Àâ∑√“∫«à“°“√‡ª≈’Ë¬πæ“√“¡‘‡μÕ√å„π√–∫∫ ¡°“√ (7) ¡’º≈μàÕæƒμ‘°√√¡¢Õßº≈‡©≈¬

°‘μμ‘°√√¡ª√–°“»
ß“π«‘®—¬π’È‡ªìπ à«πÀπ÷Ëß¢Õßß“π«‘®—¬∑’Ë‰¥â√—∫∑ÿπ π—∫ πÿπ®“°°Õß∑ÿπæ—≤π“°“√«‘®—¬·≈–∫√‘°“√

®—¥°“√ß“π«‘®—¬ ¡À“«‘∑¬“≈—¬√“™¿—Øæ‘∫Ÿ≈ ß§√“¡ ·≈–∑ÿπæ—≤π“»—°¬¿“æ„π°“√∑”ß“π«‘®—¬¢ÕßÕ“®“√¬å√ÿàπ„À¡à
®“°§≥–°√√¡°“√°“√Õÿ¥¡»÷°…“ ( °Õ.)  ”π—°ß“π°Õß∑ÿπ π—∫ πÿπ°“√«‘®—¬ ( °«.)
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