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Properties and Examples of Means for
Positive Operators

Pattrawut Chansangiam2

ABSTRACT

This article reviews significant properties and various examples of means for positive
operators on a Hilbert space. We use axiomatic approach for the concept of means. That is, we
consider properties of classical means, namely, arithmetic mean, harmonic mean and geometric
mean. In general, a mean for positive operators is defined to be a binary operation having four
properties: monotonicity, transformer inequality, continuity from above and fixed point property;
such properties concern order, algebra and topology. It follows that every operator mean satisfies
positive homogeneity, congruent invariance, concavity and betweenness. It is a fundamental that
there is a one-to-one correspondence between operator means, operator monotone functions and
Borel measures. Every mean has an integral representation with respect to a probability Borel
measure on the unit interval. Practical examples of operator means are trivial means, weighted
arithmetic means, weighted harmonic means, weighted geometric means, quasi-arithmetic power
means, logarithmic mean and Heron means. Moreover, convex combinations, transposes,
adjoints, duals and compositions of means are also means.
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∫∑π”
·π«§‘¥¢Õß ç§à“‡©≈’Ë¬é ‡ªìπ·π«§‘¥∑’Ë ”§—≠·≈–§ÿâπ‡§¬°—π¥’„π§≥‘μ»“ μ√å ·π«§‘¥π’È‡ªìπ

‡§√◊ËÕß¡◊Õ∑’Ë ”§—≠∑—Èß„π‡™‘ß∑ƒ…Æ’·≈–°“√π”‰ª„™â„π “¢“Õ◊ËπÊ∑’Ë‡°’Ë¬«¢âÕß §à“‡©≈’Ë¬¢Õß®”π«π®√‘ß∫«°‰¥â
∂Ÿ°»÷°…“¡“μ—Èß·μà ¡—¬°√’°‚∫√“≥„π ”π—°«‘™“¢Õßæ‘∑“‚°√—  [1] ‚¥¬§à“‡©≈’Ë¬¢Õß®”π«π®√‘ß∫«°‰¥â∂Ÿ°π‘¬“¡
‚¥¬„™âÕ—μ√“ à«π ‡™àπ §à“‡©≈’Ë¬‡≈¢§≥‘μ¢Õß®”π«π®√‘ß∫«° a ·≈– b §◊Õ®”π«π®√‘ß∫«° m ∑’Ë‡ªìπº≈‡©≈¬
¢Õß ¡°“√

a-m
m-b = a

a

§à“‡©≈’Ë¬‡√¢“§≥‘μ¢Õß®”π«π®√‘ß∫«° a ·≈– b §◊Õ®”π«π®√‘ß∫«° m ∑’Ë‡ªìπº≈‡©≈¬¢Õß ¡°“√

a-m
m-b = a

m = m
b

·π«§‘¥¥—ß°≈à“«‰¥â∂Ÿ°æ—≤π“¡“‡√◊ËÕ¬Ê ®π∂÷ß»μ«√√…∑’Ë 20 ‚¥¬π—°§≥‘μ»“ μ√å∑’Ë¡’™◊ËÕ‡ ’¬ß
À≈“¬∑à“π μàÕ¡“„πªï §.». 1969 ¡’°“√»÷°…“°“√∫«°·∫∫¢π“π (parallel sum)  ”À√—∫‡¡∑√‘°´å∑’Ë‡ªìπ
∫«°·πàπÕπ (positive definite matrices) ÷́Ëß‡ªìπ∑ƒ…Æ’∑“ß§≥‘μ»“ μ√å∑’Ë„™â„π°“√«‘‡§√“–Àå√–∫∫«ß®√
‰øøÑ“∑’Ë¡’À≈“¬æÕ√åμ [2] ®÷ß∑”„Àâ‡°‘¥·π«§‘¥¢Õß§à“‡©≈’Ë¬·∫∫μà“ßÊ ”À√—∫‡¡∑√‘°´å¥—ß°≈à“« μàÕ¡“°“√
∫«°·∫∫¢π“π ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°‰¥â∂Ÿ°»÷°…“„π [3] ∑”„Àâ‡°‘¥·π«§‘¥¢Õß§à“‡©≈’Ë¬ ”À√—∫μ—«
¥”‡π‘π°“√‡™‘ß∫«°∫πª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ´÷Ëß‡ªìπ°“√«“ßπ—¬∑—Ë«‰ª¢Õß§à“‡©≈’Ë¬ ”À√—∫‡¡∑√‘°´å∑’Ë‡ªìπ∫«°·πàπÕπ

∫∑§«“¡π’È®–°≈à“«∂÷ß ¡∫—μ‘·≈–μ—«Õ¬à“ßμà“ßÊ∑’Ë ”§—≠¢Õß§à“‡©≈’Ë¬ ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß
∫«°∫πª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ‡Àπ◊Õøî≈¥å¢Õß®”π«π‡™‘ß´âÕπ ‚¥¬„™â«‘∏’°“√π”‡ πÕ„π‡™‘ß —®æ®πå °≈à“«§◊Õ ‡√“®–
æ‘®“√≥“ ¡∫—μ‘μà“ßÊ∑’Ë ”§—≠¢Õß°“√¥”‡π‘π°“√∑«‘¿“§ ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°‡ ’¬°àÕπ ·≈â«®÷ß
æ‘®“√≥“«à“§à“‡©≈’Ë¬∑’Ë‡√“√Ÿâ®—°°—π¥’´÷Ëß‰¥â·°à §à“‡©≈’Ë¬‡≈¢§≥‘μ §à“‡©≈’Ë¬‡√¢“§≥‘μ ·≈–§à“‡©≈’Ë¬Œ“√å¡Õπ‘°
¡’ ¡∫—μ‘„¥∫â“ß√à«¡°—π ·≈– ¡∫—μ‘„¥∫â“ß∑’Ë®–‡ªìππ‘¬“¡ ”À√—∫§à“‡©≈’Ë¬„π°√≥’∑—Ë«‰ª ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°

„πÀ—«¢âÕ∂—¥‰ª‡√“®–°≈à“«∂÷ß§«“¡√Ÿâæ◊Èπ∞“π‡°’Ë¬«°—∫μ—«¥”‡π‘π°“√∫πª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ À—«¢âÕ∑’Ë “¡
°≈à“«∂÷ß ¡∫—μ‘∑’Ë ”§—≠∑’Ë®–π”¡“æ‘®“√≥“‡ªìππ‘¬“¡¢Õß§à“‡©≈’Ë¬ √«¡∑—Èßæ‘®“√≥“«à“§à“‡©≈’Ë¬‡≈¢§≥‘μ §à“
‡©≈’Ë¬‡√¢“§≥‘μ ·≈–§à“‡©≈’Ë¬Œ“√å¡Õπ‘° ¡’ ¡∫—μ‘„¥∫â“ß „πÀ—«¢âÕ∑’Ë ’Ë‡√“®–„Àâπ‘¬“¡„π°√≥’∑—Ë«‰ª¢Õß§à“‡©≈’Ë¬
 ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«° √«¡∑—Èß°≈à“«∂÷ß∑ƒ…Æ’∫∑μà“ßÊ∑’Ë ”§—≠ ‚¥¬‡©æ“–Õ¬à“ß¬‘Ëß°“√ ¡π—¬·∫∫Àπ÷Ëß
μàÕÀπ÷Ëß√–À«à“ß§à“‡©≈’Ë¬ øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ (operator monotone function) ·≈–‡¡‡™Õ√å‚∫‡√≈
(Borel measure) „πÀ—«¢âÕ ÿ¥∑â“¬‡√“®–¬°μ—«Õ¬à“ß§à“‡©≈’Ë¬∑’Ë ”§—≠¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«°

§«“¡√Ÿâæ◊Èπ∞“π
„Àâ (H, 〈ë,ë 〉) ‡ªìπª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ‡Àπ◊Õøî≈¥å¢Õß®”π«π‡™‘ß´âÕπ „Àâ B(H) ·∑π‡´μ¢Õßμ—«

¥”‡π‘π°“√‡™‘ß‡ âπ∑’Ë¡’¢Õ∫‡¢μ∑—ÈßÀ¡¥∫π H μ—«¥”‡π‘π°“√ A B(H) ®–°≈à“««à“‡ªìπ
ë μ—«¥”‡π‘π°“√‡™‘ß∫«° (positive operator) °ÁμàÕ‡¡◊ËÕ A ‡ªìπμ—«¥”‡π‘π°“√ºŸ°æ—π„πμ—«

(self-adjoint operator) ·≈– 〈Ax, x〉 ≥ 0  ”À√—∫∑ÿ° x H
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ë μ—«¥”‡π‘π°“√∑’Ë‡ªìπ∫«°·πàπÕπ (positive definite operator) °ÁμàÕ‡¡◊ËÕ A ‡ªìπμ—«¥”‡π‘π°“√
‡™‘ß∫«°∑’ËÀ“º°º—π‰¥â °”Àπ¥ —≠≈—°…≥åμà“ßÊ ¥—ßπ’È

ë B(H)sa ·∑π‡´μ¢Õßμ—«¥”‡π‘π°“√ºŸ°æ—π„πμ—«∑—ÈßÀ¡¥∫π H
ë B(H)+ ·∑π‡´μ¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«°∑—ÈßÀ¡¥∫π H
ë B(H)++ ·∑π‡´μ¢Õßμ—«¥”‡π‘π°“√∑’Ë‡ªìπ∫«°·πàπÕπ∑—ÈßÀ¡¥∫π H
ë + ·∑π‡´μ¢Õß®”π«π®√‘ß∫«°√«¡°—∫»Ÿπ¬å

‡π◊ËÕß®“° B(H)sa ‡ªìπª√‘¿Ÿ¡‘‡«°‡μÕ√å‡Àπ◊Õøî≈¥å + ‚¥¬¡’ B(H)+ ‡ªìπ°√«¬‡™‘ß∫«° (positive cone) ‡√“
®÷ß “¡“√∂π‘¬“¡Õ—π¥—∫¢Õßμ—«¥”‡π‘π°“√ºŸ°æ—π„πμ—« A ·≈– B ∫π H ‰¥âÕ¬à“ß∏√√¡™“μ‘ ¥—ßπ’È

A ≥ B ⇔ A-B B(H)+

§«“¡ —¡æ—π∏åπ’È‡ªìπ°“√‡√’¬ßÕ—π¥—∫∫“ß à«π (partial order) „π∑”πÕß‡¥’¬«°—π  ”À√—∫ A,B B(H)sa π‘¬“¡

A > B ⇔ A-B B(H)++

„π°√≥’‡©æ“– A≥0 À¡“¬§«“¡«à“ A ‡ªìπμ—«¥”‡π‘π°“√‡™‘ß∫«° ·≈– A > 0 À¡“¬§«“¡«à“ A ‡ªìπ
μ—«¥”‡π‘π°“√∑’Ë‡ªìπ∫«°·πàπÕπ

≈”¥—∫ {An}
∞
n=1 À√◊Õ‡¢’¬πÕ¬à“ß¬àÕ«à“ An ®–°≈à“««à“≈Ÿà‡¢â“„π∑ÕæÕ‚≈¬’‡™‘ßμ—«¥”‡π‘π°“√·∫∫‡¢â¡

(strong-operator topology) °ÁμàÕ‡¡◊ËÕ Anx ≈Ÿà‡¢â“ Ÿà Ax (‡∑’¬∫°—∫∑ÕæÕ‚≈¬’∑’Ë‰¥â®“°πÕ√å¡∫π H)  ”À√—∫
∑ÿ° x  H „π∫∑§«“¡π’È°“√≈Ÿà‡¢â“®–À¡“¬∂÷ß°“√≈Ÿà‡¢â“„π∑ÕæÕ‚≈¬’‡™‘ßμ—«¥”‡π‘π°“√·∫∫‡¢â¡  ”À√—∫≈”¥—∫
An „π B(H)sa  —≠≈—°…≥å An 

↓ A À¡“¬§«“¡«à“ An ‡ªìπ≈”¥—∫≈¥ (‡∑’¬∫°—∫Õ—π¥—∫∫“ß à«π¢Õßμ—«
¥”‡π‘π°“√) ´÷Ëß≈Ÿà‡¢â“ Ÿà A ‡√“®–‰¥â«à“≈‘¡‘μ¢Õß≈”¥—∫¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«°∑’Ë≈Ÿà‡¢â“®–‡ªìπμ—«¥”‡π‘π°“√‡™‘ß
∫«°

 ¡∫—μ‘∑’Ë ”§—≠¢Õß§à“‡©≈’Ë¬ ”À√—∫μ—«¥”‡π‘π°“√
§à“‡©≈’Ë¬ M  ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°∫πª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ H §◊Õ°“√¥”‡π‘π°“√∑«‘¿“§

M : B(H)+ Ó B(H)+ → B(H)+

(π—Ëπ§◊Õ M(A, B) ≥ 0  ”À√—∫ A, B ≥ 0) ∑’Ë Õ¥§≈âÕß°—∫ ¡∫—μ‘∫“ßÕ¬à“ß  ¡∫—μ‘∑’Ë ”§—≠¢Õß°“√¥”‡π‘π°“√
¥—ß°≈à“«∑’Ë‡√“μâÕß°“√¡’¥—ßμàÕ‰ªπ’È „Àâ A, A′, B, B′  B(H)+

(M1) §«“¡‡ªìπ∑“ß‡¥’¬« (monotonicity) π—Ëπ§◊Õ A ≥ A′, B ≥ B′  M(A, B) ≥ M(A′, B′)
(M2)  ¡∫—μ‘‡Õ°æ—π∏å‡™‘ß∫«° (positive homogeneity) π—Ëπ§◊Õ M(kA, kB) = kM(A, B)  ”À√—∫∑ÿ° k 

+

(M3) Õ ¡°“√À¡âÕ·ª≈ß‰øøÑ“ (transformer inequality) π—Ëπ§◊Õ  ”À√—∫∑ÿ° X  B(H)

M(X* AX, X* BX) ≤ X* M(A, B) X
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™◊ËÕ¢Õß ¡∫—μ‘π’È¡’∑’Ë¡“®“°°“√«‘‡§√“–Àå«ß®√‰øøÑ“´÷Ëß¡’°“√‡™◊ËÕ¡μàÕ°—∫À¡âÕ·ª≈ß‰øøÑ“ [2]

(M4) §«“¡¬◊π¬ß¿“¬„μâ ¡¿“§ (congruence invariance) π—Ëπ§◊Õ  ”À√—∫∑ÿ° X  B(H) ∑’ËÀ“º°º—π‰¥â

M(X* AX, X* BX) = X* M(A, B) X

π—Ëπ§◊Õ M ¬◊π¬ß¿“¬„μâ°“√·ª≈ß ¡¿“§ A  X* AX  ”À√—∫∑ÿ° X  B(H) ∑’ËÀ“º°º—π‰¥â

(M5) §«“¡‡«â“ (concavity) π—Ëπ§◊Õ  ”À√—∫∑ÿ° t  [0,1]

M(tA + (1 - t)B, tA′ + (1 - t)B′) ≥ tM(A, A′) + (1 - t)M(B,B′)

(M6) ¿“«–μàÕ‡π◊ËÕß®“°¥â“π∫π (continuity from above) π—Ëπ§◊Õ ∂â“ An 
↓ A ·≈– Bn 

↓ B ·≈â«

M(An, Bn) 
↓ M(A, B)

(M7)  ¡∫—μ‘π‘®æ≈ À√◊Õ ¡∫—μ‘®ÿ¥μ√÷ß (idempotent or fixed point property) π—Ëπ§◊Õ M(A, A) = A

(M8)  ¡∫—μ‘°“√Õ¬Ÿà√–À«à“ß (betweenness) π—Ëπ§◊Õ A ≤ B  A ≤ M(A, B) ≤ B

„π°“√»÷°…“§à“‡©≈’Ë¬¢Õß‡¡∑√‘°´åÀ√◊Õμ—«¥”‡π‘π°“√„π°√≥’∑—Ë«‰ª  ‘Ëß·√°∑’ËμâÕßæ‘®“√≥“§◊Õ
§à“‡©≈’Ë¬æ◊Èπ∞“π∑’Ë‡√“√Ÿâ®—° ‰¥â·°à §à“‡©≈’Ë¬‡≈¢§≥‘μ (arithmetic mean) §à“‡©≈’Ë¬Œ“√å¡Õπ‘° (harmonic mean)
·≈–§à“‡©≈’Ë¬‡√¢“§≥‘μ (geometric mean)

§à“‡©≈’Ë¬‡≈¢§≥‘μ¢Õßμ—«¥”‡π‘π°“√ A, B  B(H)+ π‘¬“¡‚¥¬

A∇B = 12 (A + B)

∑ƒ…Æ’∫∑∑’Ë 1 §à“‡©≈’Ë¬‡≈¢§≥‘μ¢Õßμ—«¥”‡π‘π°“√ Õ¥§≈âÕß°—∫ ¡∫—μ‘ (M1)-(M8) ¬‘Ëß°«à“π—Èπ§à“‡©≈’Ë¬π’È¡’
 ¡∫—μ‘ ¡¡“μ√ (symmetry) π—Ëπ§◊Õ A∇B = B∇A  ”À√—∫∑ÿ° A, B ≥ 0 ·≈– ¡∫—μ‘ —¡æ√√§ (affine) π—Ëπ§◊Õ

(kA + C)∇(kB + C) = k(A∇B) + C

 ”À√—∫∑ÿ° A, B, C ≥ 0 ·≈– k  +

æ‘ Ÿ®πå ‰¥â‚¥¬μ√ß®“°π‘¬“¡

§à“‡©≈’Ë¬Œ“√å¡Õπ‘°¢Õßμ—«¥”‡π‘π°“√ A, B  B(H)++ π‘¬“¡‚¥¬

A! B = 2(A-1 + B-1)-1

„π°√≥’∑’Ë A ·≈– B ‡ªìπμ—«¥”‡π‘π°“√‡™‘ß∫«°„¥Ê ‡√“π‘¬“¡

A!B =  (A + εI )!(B + εI)

‡¡◊ËÕ≈‘¡‘μ¥—ß°≈à“«æ‘®“√≥“„π∑ÕæÕ‚≈¬’‡™‘ßμ—«¥”‡π‘π°“√·∫∫‡¢â¡
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∑ƒ…Æ’∫∑∑’Ë 2 §à“‡©≈’Ë¬Œ“√å¡Õπ‘°¢Õßμ—«¥”‡π‘π°“√ Õ¥§≈âÕß°—∫ ¡∫—μ‘ (M1)-(M8) ¬‘Ëß°«à“π—Èπ¬—ß
 Õ¥§≈âÕß°—∫ ¡∫—μ‘ ¡¡“μ√ π—Ëπ§◊Õ A ! B = B ! A  ”À√—∫∑ÿ° A, B ≥ 0

æ‘ Ÿ®πå °“√æ‘ Ÿ®πå ¡∫—μ‘§«“¡‡ªìπ∑“ß‡¥’¬« (M1) ·≈– ¡∫—μ‘§«“¡‡«â“ (M5) ¥Ÿ‰¥â®“°ß“π«‘®—¬ [4]  à«π
 ¡∫—μ‘Õ◊ËπÊ  “¡“√∂æ‘ Ÿ®πå‰¥â‚¥¬μ√ß®“°π‘¬“¡¢Õß§à“‡©≈’Ë¬Œ“√å¡Õπ‘°

§à“‡©≈’Ë¬‡√¢“§≥‘μ¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«° A, B  B(H) ∂Ÿ°π”‡ πÕ‡ªìπ§√—Èß·√° [5] ¥—ßπ’È

A # B = max{T ≥ 0: |〈Tx, y〉| ≤ || A1/2 x||  || B1/2 y|| A

x, y  H } (1)

‡¡◊ËÕ§à“ Ÿß ÿ¥¥—ß°≈à“«æ‘®“√≥“‡∑’¬∫°—∫Õ—π¥—∫∫“ß à«π¢Õßμ—«¥”‡π‘π°“√ Õ¬à“ß‰√°Áμ“¡π‘¬“¡¥—ß°≈à“«¬“°μàÕ
°“√π”‰ª„™â μàÕ¡“ Ando [6] ‰¥â„Àâπ‘¬“¡¢Õß§à“‡©≈’Ë¬‡√¢“§≥‘μ ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«° A, B  B(H)
∑’ËÀ“º°º—π‰¥â ¥—ßπ’È

A # B = A1/2 (A-1/2 BA-1/2)1/2 A1/2

π‘¬“¡¥—ß°≈à“«¡“®“° ¡∫—μ‘∑’Ë‡ªìπ∏√√¡™“μ‘¢Õß§à“‡©≈’Ë¬‡√¢“§≥‘μ Õß‡ß◊ËÕπ‰¢μàÕ‰ªπ’È
ë A # B = (AB)1/2 ‡¡◊ËÕ AB = BA
ë X* (A # B) X = (X* AX) # (X* BX)  ”À√—∫∑ÿ° X  B(H) ∑’ËÀ“º°º—π‰¥â

„π°√≥’∑’Ë A ·≈– B ‡ªìπμ—«¥”‡π‘π°“√‡™‘ß∫«°„¥Ê ‡√“π‘¬“¡

A # B = (A + εI) # (B + εI)  (2)

„πß“π«‘®—¬ [6] ‰¥â· ¥ß«à“π‘¬“¡¢Õß§à“‡©≈’Ë¬‡√¢“§≥‘μ„π ¡°“√ (1) ·≈– (2) π—Èπ ¡¡Ÿ≈°—π

§à“‡©≈’Ë¬‡√¢“§≥‘μ¢Õß A, B ≥ 0  “¡“√∂π‘¬“¡‰¥â®“°°√–∫«π°“√∑” È́”¥—ßπ’È [7]

A1 = A, B1 = B, An+1 = An 
! Bn, Bn+1 = An ∇ Bn, n

®–‰¥â«à“≈”¥—∫ An ‡ªìπ≈”¥—∫≈¥ ·≈–≈”¥—∫ Bn ‡ªìπ≈”¥—∫‡æ‘Ë¡ ≈”¥—∫∑—Èß Õß≈Ÿà‡¢â“‚¥¬¡’≈‘¡‘μ√à«¡°—π§◊Õ A # B

„πß“π«‘®—¬ [8] ‰¥â· ¥ß«à“ A # B §◊Õº≈‡©≈¬ X ‡æ’¬ßÀπ÷Ëß‡¥’¬«¢Õß ¡°“√√‘°°“μ‘

XA-1 X = B

 ¡°“√√‘°°“μ‘¥—ß°≈à“«¡’∑’Ë¡“®“°∑ƒ…Æ’√–∫∫„π “¢“«‘»«°√√¡√–∫∫§«∫§ÿ¡

∑ƒ…Æ’∫∑∑’Ë 3 §à“‡©≈’Ë¬‡√¢“§≥‘μ¢Õßμ—«¥”‡π‘π°“√ Õ¥§≈âÕß°—∫ ¡∫—μ‘ (M1)-(M8)  ¡∫—μ‘ ¡¡“μ√
π—Ëπ§◊Õ A # B = B # A  ”À√—∫∑ÿ° A, B ≥ 0 ·≈– ¡∫—μ‘¿“«–§Ÿà°—π„πμ—« (self-duality) π—Ëπ§◊Õ ”À√—∫∑ÿ° A,
B > 0 ®–‰¥â«à“

(A # B)-1 = A-1 # B-1
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æ‘ Ÿ®πå °“√æ‘ Ÿ®πå ¡∫—μ‘§«“¡‡ªìπ∑“ß‡¥’¬« (M1) ·≈– ¡∫—μ‘§«“¡‡«â“ (M5) ¥Ÿ‰¥â®“°ß“π«‘®—¬ [4]
 ”À√—∫ ¡∫—μ‘ ¡¡“μ√æ‘ Ÿ®πå‰¥â‚¥¬„™â§«“¡√Ÿâ∑’Ë«à“ A # B §◊Õº≈‡©≈¬ X ‡æ’¬ßÀπ÷Ëß‡¥’¬«¢Õß ¡°“√√‘°°“μ‘
XA-1 X = B  à«π ¡∫—μ‘Õ◊ËπÊ  “¡“√∂æ‘ Ÿ®πå‰¥â‚¥¬μ√ß®“°π‘¬“¡¢Õß§à“‡©≈’Ë¬‡√¢“§≥‘μ [9]

§à“‡©≈’Ë¬Œ“√å¡Õπ‘°·≈–§à“‡©≈’Ë¬‡√¢“§≥‘μ‡ªìπ‡§√◊ËÕß¡◊Õ ”§—≠„π°“√»÷°…“Õ ¡°“√¢Õß‡¡∑√‘°´å
À√◊Õμ—«¥”‡π‘π°“√ ‚¥¬¡’·π«§‘¥μâπ©∫—∫„πß“π«‘®—¬ [4]

§à“‡©≈’Ë¬ øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√·≈–‡¡‡™Õ√å‚∫‡√≈
®“° ¡∫—μ‘¢Õß§à“‡©≈’Ë¬‡≈¢§≥‘μ §à“‡©≈’Ë¬Œ“√å¡Õπ‘°·≈–§à“‡©≈’Ë¬‡√¢“§≥‘μ π—°§≥‘μ»“ μ√å™◊ËÕ

Kubo °—∫ Ando [10] ‰¥âπ”‡ πÕπ‘¬“¡¢Õß§à“‡©≈’Ë¬„π°√≥’∑—Ë«‰ª ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°¥—ßπ’È

∫∑π‘¬“¡∑’Ë 1 §à“‡©≈’Ë¬¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«° §◊Õ°“√¥”‡π‘π°“√∑«‘¿“§ ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°∑’Ë
 Õ¥§≈âÕß°—∫ ¡∫—μ‘§«“¡‡ªìπ∑“ß‡¥’¬« (M1) Õ ¡°“√À¡âÕ·ª≈ß‰øøÑ“ (M3) ¿“«–μàÕ‡π◊ËÕß®“°¥â“π∫π (M6)
·≈– ¡∫—μ‘®ÿ¥μ√÷ß (M7)

 —ß‡°μ«à“
ë (M1) ‡ªìπ ¡∫—μ‘‡°’Ë¬«°—∫Õ—π¥—∫
ë (M3) ‡ªìπ ¡∫—μ‘‡°’Ë¬«°—∫Õ—π¥—∫·≈–æ’™§≥‘μ (°“√§Ÿ≥)
ë (M6) ‡ªìπ ¡∫—μ‘‡°’Ë¬«°—∫Õ—π¥—∫·≈–∑ÕæÕ‚≈¬’
ë (M7) ‡ªìπ ¡∫—μ‘∑’Ë∫—ß§—∫„Àâ§à“‡©≈’Ë¬√–À«à“ßμ—«¥”‡π‘π°“√‡¥’¬«°—π‡ªìπμ—«¥”‡π‘π°“√π—Èπ

‚¥¬ ¡∫—μ‘ (M7)  “¡“√∂·∑π∑’Ë‰¥â¥â«¬ ¡∫—μ‘°“√Õ¬Ÿà√–À«à“ß (M8) ·π«§‘¥¢Õß§à“‡©≈’Ë¬‡™‘ß —®æ®πå ”À√—∫
‡¡∑√‘°´åÀ√◊Õμ—«¥”‡π‘π°“√ “¡“√∂»÷°…“‰¥â®“° [11-13] ·π«§‘¥¥—ß°≈à“«¡’°“√ª√–¬ÿ°μå„πøî ‘° å‡™‘ß
§≥‘μ»“ μ√å‡√◊ËÕß‡Õπ‚∑√ªï ([14]) „π∑ƒ…Æ’μ—«¥”‡π‘π°“√‡√◊ËÕßÕ ¡°“√¢Õßμ—«¥”‡π‘π°“√ ([15-18]) ·≈–
 ¡°“√¢Õßμ—«¥”‡π‘π°“√ ([19])

§à“‡©≈’Ë¬‡≈¢§≥‘μ §à“‡©≈’Ë¬Œ“√å¡Õπ‘°·≈–§à“‡©≈’Ë¬‡√¢“§≥‘μ‡ªìπ§à“‡©≈’Ë¬„π·π«§‘¥¢Õß§Ÿ‚∫-Õ—π‚¥
„πÀ—«¢âÕ∂—¥‰ª‡√“®–· ¥ßμ—«Õ¬à“ß¢Õß§à“‡©≈’Ë¬Õ◊ËπÊ∑’Ë ”§—≠

‡§√◊ËÕß¡◊Õ ”§—≠„π∑ƒ…Æ’§à“‡©≈’Ë¬§◊Õ øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ (operator monotone
function) ÷́Ëß‰¥â¡’°“√»÷°…“Õ¬à“ß‡ªìπ√–∫∫„π [20] (¥Ÿ‡Õ° “√Õâ“ßÕ‘ß [12, 21] ‡æ‘Ë¡‡μ‘¡‡π◊ËÕß®“° [20] ‡ªìπ
¿“…“‡¬Õ√¡—π)
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∫∑π‘¬“¡∑’Ë 2 øíß°å™—π f : +
 →   ®–‡√’¬°«à“øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ °ÁμàÕ‡¡◊ËÕ

A ≤ B  f(A) ≤ f(B)

 ”À√—∫∑ÿ°μ—«¥”‡π‘π°“√‡™‘ß∫«° A ·≈– B ∫π H  ”À√—∫∑ÿ°ª√‘¿Ÿ¡‘Œ‘≈‡∫‘√åμ H „π∑’Ëπ’È f(A) §◊Õ·§≈§Ÿ≈— 
øíß°å™—ππ—≈ (functional calculus) ¢Õß f ∑’Ë A

®–‡ÀÁπ«à“‡ß◊ËÕπ‰¢ A ≤ B  f(A) ≤ f(B) „π°√≥’∑’Ë H =  §◊Õ‡ß◊ËÕπ‰¢¢Õßøíß°å™—π∑“ß‡¥’¬«
(monotone increasing function) π—Ëπ‡Õß ¥—ßπ—Èπ‡ß◊ËÕπ‰¢¢Õßøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√®÷ß‡¢â¡
°«à“øíß°å™—π∑“ß‡¥’¬«∑’Ë‡√“§ÿâπ‡§¬¡“° π—Ëπ§◊Õ¡’øíß°å™—π∑“ß‡¥’¬«∑’Ë‰¡à„™àøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ ‡™àπ
f(x) = x2

μ—«Õ¬à“ß∑’Ë 1
1. øíß°å™—π‡ âπμ√ß∑’Ë¡’§«“¡™—π‰¡à‡ªìπ≈∫‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + (æ‘ Ÿ®πå

‰¥â‚¥¬μ√ß®“°π‘¬“¡)
2. øíß°å™—π f(x) = xp ‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + °ÁμàÕ‡¡◊ËÕ p  [0, 1]

π—Ëπ§◊Õ ”À√—∫∑ÿ° p  [0, 1] ®–‰¥â«à“

A ≥ B ≥ 0  Ap
 ≥ Bp

¢âÕ‡∑Á®®√‘ßπ’È‡√’¬°«à“Õ ¡°“√¢Õß‚≈«å‡πÕ√å-‰Œπå (Löwner-Heinz inequality) ́ ÷Ëßæ‘ Ÿ®πå‡ªìπ§√—Èß·√°„π [20]
3. øíß°å™—π f(x) = (x - 1)/log x ‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + „π∑’Ëπ’È‡√“π‘¬“¡

f(0) ≡ 0 ·≈– f(1) ≡ 1 ‚¥¬„™â¿“«–μàÕ‡π◊ËÕß (¥Ÿ°“√æ‘ Ÿ®πå¢âÕ§«“¡®√‘ßπ’È„π [22])
4. øíß°å™—π f(x) = x log x/(x - 1) ‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + „π∑’Ëπ’È‡√“π‘¬“¡

f(0) ≡ 0 ·≈– f(1) ≡ 1 ‚¥¬„™â¿“«–μàÕ‡π◊ËÕß [22]
5. øíß°å™—π f(x) = [(1 + x p)/2]1/p ‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + °ÁμàÕ‡¡◊ËÕ

p  [-1,1] „π∑’Ëπ’È‡¡◊ËÕ p = 0 ‚¥¬„™ââ¿“«–μàÕ‡π◊ËÕß„π°“√π‘¬“¡ [21]
6. ‡´μ¢Õßøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√¡’ ¡∫—μ‘ªî¥¿“¬„μâ°“√∫«° °“√§Ÿ≥¥â«¬§à“§ßμ—«

∑’Ë‰¡à‡ªìπ≈∫·≈–≈‘¡‘μ√“¬®ÿ¥ (pointwise limits)

∑ƒ…Æ’ ”§—≠¢Õß§à“‡©≈’Ë¬°≈à“««à“¡’°“√ ¡π—¬·∫∫Àπ÷ËßμàÕÀπ÷Ëß∑—Ë«∂÷ß√–À«à“ß§à“‡©≈’Ë¬ øíß°å™—π
∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ ·≈–‡¡‡™Õ√å‚∫‡√≈ ¥—ßπ’È
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∑ƒ…Æ’∫∑∑’Ë 4  ”À√—∫·μà≈–§à“‡©≈’Ë¬ σ ®–¡’øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√ f : +
→ + ´÷Ëß f(1) = 1

‡æ’¬ßøíß°å™—π‡¥’¬«∑’Ë∑”„Àâ

f(x)I = I σ (xI),     x  
+

¬‘Ëß°«à“π—Èπ°“√ àß σ  f ‡ªìπøíß°å™—πÀπ÷ËßμàÕÀπ÷Ëß·∫∫∑—Ë«∂÷ß

æ‘ Ÿ®πå ¥Ÿ‡Õ° “√Õâ“ßÕ‘ß [10]
øíß°å™—π f ¥—ß°≈à“«‡√’¬°«à“øíß°å™—πμ—«·∑π (representing function) ¢Õß§à“‡©≈’Ë¬ σ

∑ƒ…Æ’∫∑∑’Ë 5  ”À√—∫·μà≈–§à“‡©≈’Ë¬ σ ®–¡’‡¡‡™Õ√å§«“¡πà“®–‡ªìπ‚∫‡√≈ (probability Borel measure)
μ ∫π [0,1] ‡æ’¬ß‡¡‡™Õ√å‡¥’¬«∑’Ë∑”„Àâ

A σ B =  (A !t B)dμ(t),     A, B ≥ 0 (3)

‚¥¬Õ‘π∑‘°√—≈¥—ß°≈à“«‡ªìπÕ‘π∑‘°√—≈„π·π«§‘¥¢Õß∫äÕ§‡πÕ√å (Bochner integral) ·≈– A !t B §◊Õ§à“‡©≈’Ë¬
Œ“√å¡Õπ‘°∂à«ßπÈ”Àπ—°´÷Ëßπ‘¬“¡‚¥¬

A !t B = [(1-t)A-1 + tB-1]-1,      A, B > 0

·≈– A !t B π‘¬“¡ ”À√—∫ A, B ≥ 0 ‚¥¬„™â¿“«–μàÕ‡π◊ËÕß

¬‘Ëß°«à“π—Èπ°“√ àß σ  μ ‡ªìπøíß°å™—πÀπ÷ËßμàÕÀπ÷Ëß·∫∫∑—Ë«∂÷ß

æ‘ Ÿ®πå „™â ¡∫—μ‘¢Õß§à“‡©≈’Ë¬Œ“√å¡Õπ‘°∂à«ßπÈ”Àπ—°√à«¡°—∫∑ƒ…Æ’∫∑°“√≈Ÿà‡¢â“§√Õ∫ß” (dominated
convergence theorem) [23]

‡¡‡™Õ√å μ ¥—ß°≈à“«‡√’¬°«à“‡¡‡™Õ√åμ—«·∑π (representing measure) ¢Õß§à“‡©≈’Ë¬ σ

¢âÕ —ß‡°μ
1. ∑ƒ…Æ’∫∑∑’Ë 5 °≈à“««à“¡’°“√ ¡π—¬·∫∫Àπ÷ËßμàÕÀπ÷Ëß√–À«à“ß§à“‡©≈’Ë¬·≈–‡¡‡™Õ√å§«“¡πà“®–

‡ªìπ‚∫‡√≈ π—Ëπ§◊Õ ∂â“‡√“¡’§à“‡©≈’Ë¬·≈â«‡√“®– √â“ß‡¡‡™Õ√å¥—ß°≈à“«‰¥â‚¥¬§à“‡©≈’Ë¬·≈–‡¡‡™Õ√å®– —¡æ—π∏å°—π
μ“¡‡ß◊ËÕπ‰¢ (3) „π∑“ß°≈—∫°—π‡¡◊ËÕ‡√“¡’‡¡‡™Õ√å ‡√“®– “¡“√∂ √â“ß§à“‡©≈’Ë¬‰¥â‚¥¬„™â Ÿμ√ (3)

2. ∑ƒ…Æ’∫∑π’È„Àâ√Ÿª·∫∫∑—Ë«‰ª¢Õß§à“‡©≈’Ë¬ ”À√—∫μ—«¥”‡π‘π°“√‡™‘ß∫«°«à“Õ¬Ÿà„π√ŸªÕ‘π∑‘°√—≈ (3)
3. ∑ƒ…Æ’∫∑π’È· ¥ß„Àâ‡ÀÁπ∂÷ß§«“¡ ”§—≠¢Õß§à“‡©≈’Ë¬Œ“√å¡Õπ‘°∂à«ßπÈ”Àπ—° ‚¥¬§à“‡©≈’Ë¬„¥Ê

®–Õ¬Ÿà„π√ŸªÕ‘π∑‘°√—≈¢Õß§à“‡©≈’Ë¬π’È‡∑’¬∫°—∫‡¡‡™Õ√å§«“¡πà“®–‡ªìπ‚∫‡√≈ π—Ëπ§◊Õ§à“‡©≈’Ë¬Œ“√å¡Õπ‘°∂à«ß
πÈ”Àπ—°‡ªìπÀπà«¬‚§√ß √â“ß (building blocks)  ”À√—∫§à“‡©≈’Ë¬„¥Ê

®“°∑ƒ…Æ’∫∑∑’Ë 4 ·≈–∑ƒ…Æ’∫∑∑’Ë 5 ®–‰¥â«à“¡’°“√ ¡π—¬·∫∫Àπ÷ËßμàÕÀπ÷Ëß√–À«à“ß§à“‡©≈’Ë¬
øíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√·≈–‡¡‡™Õ√å§«“¡πà“®–‡ªìπ‚∫‡√≈ ‚¥¬øíß°å™—π·≈–‡¡‡™Õ√å¥—ß°≈à“«¡’§«“¡
 —¡æ—π∏å°—π¥—ßπ’È ([24])

f(x) =  (1 !t x)dμ(t),     x ≥ 0

‡¡◊ËÕÕ‘π∑‘°√—≈¥—ß°≈à“«§◊ÕÕ‘π∑‘°√—≈‡≈Õ‡∫° (Lebesgue integral)
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∑ƒ…Æ’∫∑∑’Ë 6 §à“‡©≈’Ë¬„¥Ê  Õ¥§≈âÕß°—∫ ¡∫—μ‘ (M1)-(M8)

æ‘ Ÿ®πå „™â∑ƒ…Æ’∫∑∑’Ë 5 √à«¡°—∫ ¡∫—μ‘¢Õß§à“‡©≈’Ë¬Œ“√å¡Õπ‘°∂à«ßπÈ”Àπ—°

μ—«Õ¬à“ß∑’Ë ”§—≠¢Õß§à“‡©≈’Ë¬
μ—«Õ¬à“ß∑’Ë 2 §à“‡©≈’Ë¬™—¥ (trivial means)
§à“‡©≈’Ë¬™—¥∑“ß´â“¬ (the left-trivial mean) ·≈–§à“‡©≈’Ë¬™—¥∑“ß¢«“ (the right-trivial mean) π‘¬“¡
μ“¡≈”¥—∫¥—ßπ’È

ωl : (A, B)  A,      ωr : (A, B)  B

øíß°å™—πμ—«·∑π¢Õß ωl ·≈– ωr §◊Õøíß°å™—π f : x  1 ·≈–øíß°å™—π g : x  x μ“¡≈”¥—∫ ‡¡‡™Õ√åμ—«·∑π
¢Õß ωl ·≈– ωr §◊Õ‡¡‡™Õ√å δ0 ·≈– δ1 μ“¡≈”¥—∫ ([23]) ‚¥¬„π∑’Ëπ’È δt §◊Õ‡¡‡™Õ√å‰¥·√° (Dirac
measure) ∑’Ë t ´÷Ëßπ‘¬“¡ ”À√—∫·μà≈–‡´μ‚∫‡√≈ E „π [0,1] ‚¥¬

1, t ∈ E
0, t ∉ E

δt (E) =

μ—«Õ¬à“ß∑’Ë 3 §à“‡©≈’Ë¬æ‘∑“‚°‡√’¬π (Pythagorean means) ·≈–√Ÿª·∫∫∂à«ßπÈ”Àπ—°
§à“‡©≈’Ë¬æ‘∑“‚°‡√’¬π§◊Õ§à“‡©≈’Ë¬∑’Ë»÷°…“„π ”π—°¢Õßπ—°§≥‘μ»“ μ√å™◊ËÕæ‘∑“‚°√— „π ¡—¬°√’°‚∫√“≥ ‚¥¬
ª√–°Õ∫¥â«¬§à“‡©≈’Ë¬ 3 √Ÿª·∫∫¥—ßπ’È

ë §à“‡©≈’Ë¬‡≈¢§≥‘μ∂à«ßπÈ”Àπ—° (weighted arithmetic means) ¥â«¬πÈ”Àπ—° α  (0,1) π‘¬“¡
‚¥¬

A∇α B = (1 - α)A + αB

§à“‡©≈’Ë¬π’È¡’øíß°å™—πμ—«·∑π‡ªìπ f(x) = 1 - α + ax ·≈–‡¡‡™Õ√åμ—«·∑π§◊Õ (1 - α)δ0 
+ αδ1 [23]

ë §à“‡©≈’Ë¬Œ“√å¡Õπ‘°∂à«ßπÈ”Àπ—° (weighted harmonic means) ¥â«¬πÈ”Àπ—° α  (0,1) π‘¬“¡
‚¥¬

A !α B = [(1 - α)A-1
 + αB-1]-1

§à“‡©≈’Ë¬π’È¡’øíß°å™—πμ—«·∑π‡ªìπ f(x) = x / (α + (1 - α)x) ·≈–‡¡‡™Õ√åμ—«·∑π§◊Õ δα [23]
ë §à“‡©≈’Ë¬‡√¢“§≥‘μ∂à«ßπÈ”Àπ—° (weighted geometric means) ¥â«¬πÈ”Àπ—° α  (0,1) π‘¬“¡

‚¥¬

A #α B = A1/2 (A-1/2 BA-1/2)α A1/2

§à“‡©≈’Ë¬π’È¡’øíß°å™—πμ—«·∑π‡ªìπ f(x) = xα ·≈–‡¡‡™Õ√åμ—«·∑π§◊Õ

dμ(t) = sinαπ dm(t)
πt1-α (1-t)α

‡¡◊ËÕ m ‡ªìπ‡¡‡™Õ√å‡≈Õ‡∫° (Lebesgue measure) ∫π [0, 1] (¥Ÿ‡Õ° “√Õâ“ßÕ‘ß [23])
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μ—«Õ¬à“ß∑’Ë 4 §à“‡©≈’Ë¬‡ ¡◊Õπ‡≈¢§≥‘μ¬°°”≈—ß (quasi-arithmetic power means)
 ”À√—∫·μà≈– p  [-1,1] ·≈– α  [0,1] øíß°å™—π

fp,α (x) = [1 - α + αxp]1/p,      x 
+

‡ªìπøíß°å™—π∑“ß‡¥’¬«‡™‘ßμ—«¥”‡π‘π°“√∫π + ∑’Ë Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢ fp,α (1) = 1 („π∑’Ëπ’È‡√“π‘¬“¡ f0 ,α ‚¥¬
„™â¿“«–μàÕ‡π◊ËÕß) øíß°å™—π¥—ß°≈à“«‡ªìπøíß°å™—πμ—«·∑π¢Õß§à“‡©≈’Ë¬∑’Ë‡√’¬°«à“§à“‡©≈’Ë¬‡ ¡◊Õπ‡≈¢§≥‘μ¬°°”≈—ß
∑’Ë¡’°”≈—ß‡ªìπ p ·≈–πÈ”Àπ—° α ´÷Ëßπ‘¬“¡‚¥¬

A #p,α B = [(1 - α)A
p
+ αB

p
]1/p

§à“‡©≈’Ë¬π’È¡’ ¡∫—μ‘«à“ A #p,α B = B #p, 1-α A ·≈–

(A #p,s B) #p,α (A #p,t B) = A #p, (1-α)s+αt B

 ”À√—∫ p ∉ [-1,1] ®–‰¥â«à“ #p,α ‰¡à„™à§à“‡©≈’Ë¬μ“¡∫∑π‘¬“¡∑’Ë 1  ”À√—∫∑ÿ° α  [0,1] Õ¬à“ß‰√°Áμ“¡
„π°√≥’∑’Ë p = 2 ·≈– α = 1/2 °“√¥”‡π‘π°“√∑«‘¿“§¥—ß°≈à“«√Ÿâ®—°°—π„π “¢“«‘»«°√√¡À√◊Õøî ‘° å«à“
√“°°”≈—ß Õß‡©≈’Ë¬ (root mean square)

μ—«Õ¬à“ß∑’Ë 5 §à“‡©≈’Ë¬≈Õ°“√‘∑÷¡ (the logarithmic mean)
§à“‡©≈’Ë¬≈Õ°“√‘∑÷¡¢Õßμ—«¥”‡π‘π°“√‡™‘ß∫«°π‘¬“¡‚¥¬

A σ B = A1/2 f (A-1/2 BA-1/2)A1/2

‡¡◊ËÕ f(x) = (x - 1) / log x øíß°å™—π f ¥—ß°≈à“«‡ªìπøíß°å™—πμ—«·∑π¢Õß§à“‡©≈’Ë¬π’È ‡¡◊ËÕ A,B > 0 ‚¥¬∑’Ë AB = BA
·≈– A ≠ B ®–‰¥â«à“

A σ B = (A - B)(log A - log B)-1

‡¡‡™Õ√åμ—«·∑π¢Õß§à“‡©≈’Ë¬π’È§◊Õ (¥Ÿ‡Õ° “√Õâ“ßÕ‘ß [23])

dμ(t) = 1 dm(t)
t(1 - t)[π2

 + log2(t / (1 - t))]

§à“‡©≈’Ë¬π’È¡’§«“¡ ”§—≠„π “¢“«‘»«°√√¡‡§¡’ ”À√—∫°“√»÷°…“‡√◊ËÕß°“√∂à“¬‡∑§«“¡√âÕπ [21]

μ—«Õ¬à“ß∑’Ë 6 §Ÿà¢Õß§à“‡©≈’Ë¬≈Õ°“√‘∑÷¡ (the dual of logarithmic mean)

§Ÿà¢Õß§à“‡©≈’Ë¬≈Õ°“√‘∑÷¡§◊Õ§à“‡©≈’Ë¬∑’Ëπ‘¬“¡‚¥¬

Aη B = A1/2 g(A-1/2BA-1/2)A1/2

‡¡◊ËÕ g(x) = x log x / (x - 1) øíß°å™—π g ¥—ß°≈à“«‡ªìπøíß°å™—πμ—«·∑π¢Õß§à“‡©≈’Ë¬π’È ‡¡◊ËÕ A, B > 0 ‚¥¬∑’Ë
AB = BA ·≈– A ≠ B ®–‰¥â«à“

Aη B = AB(A-B)-1(logA-logB)
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‡¡‡™Õ√åμ—«·∑π¢Õß§à“‡©≈’Ë¬π’È§◊Õ‡¡‡™Õ√å‡≈Õ‡∫° [23] π—Ëπ§◊Õ

Aη B =  (A!t B) dt

μ—«Õ¬à“ß∑’Ë 7 §à“‡©≈’Ë¬‡ŒÕ√—π (Heron means)

§à“‡©≈’Ë¬‡ŒÕ√—π∑’Ë¡’πÈ”Àπ—°‡ªìπ α  [0,1] π‘¬“¡‚¥¬

(A, B)  (1 - α)(A # B) + α(A ∇ B)

π—Ëπ§◊Õ§à“‡©≈’Ë¬‡ŒÕ√—π‡ªìπ§à“‡©≈’Ë¬‡≈¢§≥‘μ∂à«ßπÈ”Àπ—°√–À«à“ß§à“‡©≈’Ë¬‡√¢“§≥‘μ°—∫§à“‡©≈’Ë¬‡≈¢§≥‘μ
§à“‡©≈’Ë¬‡ŒÕ√—π¥—ß°≈à“«¡’øíß°å™—πμ—«·∑π‡ªìπ

f(x) = (1 - α)x1/2 +  (1 + x)

·≈–¡’‡¡‡™Õ√åμ—«·∑π‡ªìπ

dυ(t) = (1 - α)dμ(t) +  (dδ0(t) + dδ1(t))

‡¡◊ËÕ‡¡‡™Õ√å μ ‡ªìπ‡¡‡™Õ√åμ—«·∑π¢Õß§à“‡©≈’Ë¬‡√¢“§≥‘μ

°√≥’∑’Ë α = 
2
3 §à“‡©≈’Ë¬∑’Ë‰¥â‡√’¬°«à“§à“‡©≈’Ë¬‡ŒÕ√—π‡π’¬π (Heronian mean) ‚¥¬™◊ËÕ¥—ß°≈à“«‰¥â

®“°π—°§≥‘μ»“ μ√å„π ¡—¬Õ’¬‘ªμå‚∫√“≥™◊ËÕ ‡ŒÕ‚√ (Hero of Alexandria) ´÷Ëß„™â§à“‡©≈’Ë¬π’È„π°“√§”π«≥
ª√‘¡“μ√¢Õßæ’√–¡‘¥¬Õ¥μ—¥

‡√“ “¡“√∂ √â“ß§à“‡©≈’Ë¬„À¡à®“°§à“‡©≈’Ë¬‡¥‘¡∑’Ë¡’Õ¬Ÿà‰¥â¥—ßπ’È „Àâ σ ·≈– η ‡ªìπ§à“‡©≈’Ë¬
‡√“π‘¬“¡°“√∫«°·≈–°“√§Ÿ≥¥â«¬§à“§ßμ—«¢Õß§à“‡©≈’Ë¬¥—ßπ’È

σ + η : (A, B)  (A σ B) + (A η B)
kσ  : (A, B)  k(A σ B), k  +

®–‰¥â«à“ k1σ + k2η ‡ªìπ§à“‡©≈’Ë¬‡¡◊ËÕ k1, k2  +  ‚¥¬∑’Ë k1 + k2 = 1

‡√“π‘¬“¡°“√ ≈—∫‡ª≈’Ë¬π (transpose) °“√ºŸ°æ—π (adjoint) ·≈–§Ÿà (dual) ¢Õß§à“‡©≈’Ë¬ σ

μ“¡≈”¥—∫¥—ßπ’È

σ′ : (A, B)  B σ A, A, B ≥ 0

σ* : (A, B)  A-1 
σ  B-1)-1, A, B > 0

σ⊥  : (A, B)  B-1 
σ  A-1)-1, A, B > 0

®–‰¥â«à“°“√ ≈—∫‡ª≈’Ë¬π §Ÿà·≈–°“√ºŸ°æ—π¢Õß§à“‡©≈’Ë¬‡ªìπ§à“‡©≈’Ë¬

„Àâ σ 1, σ 2 ·≈– η ‡ªìπ§à“‡©≈’Ë¬ ‡√“π‘¬“¡°“√ª√–°Õ∫ (composition) ¢Õß σ 1, η, σ 2 ¥—ßπ’È

σ 1(η)σ 2 : (A, B)  (Aσ 1B)η (Aσ 2B)

®–‰¥â«à“ σ 1(η)σ 2 ‡ªìπ§à“‡©≈’Ë¬
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