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An Improvement of Non-Uniform Bound on the
Poisson-Negative Binomial Absolute Error

Kanint Teerapabolarn* and Keson Jaioun

ABSTRACT

In this study, we use the Stein-Chen method to determine a new non-uniform
bound of the absolute error between the negative binomial distribution function with parameters

 and p (0<p<1) and the Poisson distribution function with mean λ = nq = n(1 − p).
The new bound is improved to be more appropriate for measuring the accuracy of Poisson
approximation. Moreover, by theoretical and numerical comparison, the bound obtained in this
study is better than the bound reported in Teerapabolarn [3].
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∫∑π”
°“√·®°·®ß∑«‘π“¡π‘‡ ∏ (negative binomial distribution) ∑’Ë¡’æ“√“¡‘‡µÕ√å  ·≈–

p (0<p<1) ‡ªìπ°“√·®°·®ß«‘¬ÿµ (discrete distribution) ·∫∫Àπ÷Ëß∑’Ë¡’°“√»÷°…“·≈–ª√–¬ÿ°µå„π‡√◊ËÕß∑’Ë
‡°’Ë¬«¢âÕß°—∫§«“¡πà“®–‡ªìπ·≈– ∂‘µ‘ ‚¥¬∑—Ë«‰ª°“√·®°·®ßπ’È À¡“¬∂÷ß °“√·®°·®ß¢Õß®”π«π§«“¡≈â¡‡À≈«
(failure) °àÕπ‡°‘¥§«“¡ ”‡√Á® (success) §√—Èß∑’Ë n „π≈”¥—∫¢Õß°“√∑¥≈Õß¬àÕ¬·∫√åπŸ≈≈’ (Bernoulli trial)
∑’Ë‡ªìπÕ‘ √–µàÕ°—π ‚¥¬∑’Ë§«“¡πà“®–‡ªìπ¢Õß§«“¡ ”‡√Á®∑’Ë‡°‘¥¢÷Èπ„π·µà≈–°“√∑¥≈Õß¬àÕ¬¡’§à“‡∑à“°—∫ p ·≈–
§«“¡πà“®–‡ªìπ¢Õß§«“¡≈â¡‡À≈«∑’Ë‡°‘¥¢÷Èπ„π·µà≈–°“√∑¥≈Õß¬àÕ¬¡’§à“‡∑à“°—∫ q = 1 − p „π°√≥’∑’Ë n = 1 ‡√“
®–‡√’¬°°“√·®°·®ßπ’È«à“ °“√·®°·®ß‡√¢“§≥‘µ (geometric distribution) ∑’Ë¡’æ“√“¡‘‡µÕ√å p ´÷Ëß‡ªìπ°“√
·®°·®ß¢Õß®”π«π§«“¡≈â¡‡À≈«°àÕπ‡°‘¥§«“¡ ”‡√Á®§√—Èß·√°

„Àâ Y1,...,Yn ‡ªìπµ—«·ª√ ÿà¡ n µ—« ∑’ËÕ‘ √–µàÕ°—π ·≈–·µà≈– Yi ¡’°“√·®°·®ß‡√¢“§≥‘µ·∫∫
‡¥’¬«°—π π—Ëπ§◊Õ P(Yi = y) = pqy ‡¡◊ËÕ y = 0,1...  ”À√—∫∑ÿ° i = 1,2,...,n „Àâ  ·≈â«®–‰¥â«à“ X
‡ªìπµ—«·ª√ ÿà¡∑’Ë¡’°“√·®°·®ß∑«‘π“¡π‘‡ ∏∑’Ë¡’æ“√“¡‘‡µÕ√å n ·≈– p ‚¥¬¡’øíß°å™—π¡«≈§«“¡πà“®–‡ªìπ
(probability mass function) ¥—ßπ’È

(1)

·≈–¡’§à“‡©≈’Ë¬·≈–§«“¡·ª√ª√«π‡ªìπ E(X) = 
nq
p  ·≈– Var(X) = 

nq
p2 µ“¡≈”¥—∫

‡ªìπ∑’Ë∑√“∫°—π¥’«à“ ∂â“ n ¡’§à“‡¢â“„°≈âÕπ—πµå (n → ∞) ·≈– q ¡’§à“‡¢â“„°≈â»Ÿπ¬å (q → 0) „π¢≥–∑’Ë
λ = 

nq
p  ¡’§à“®”°—¥ (0 < λ < ∞) ·≈â«°“√·®°·®ß∑«‘π“¡π‘‡ ∏∑’Ë¡’æ“√“¡‘‡µÕ√å n ·≈– p ®–≈Ÿà‡¢â“ Ÿà°“√·®°

·®ßªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = 
nq
p  ¥—ßπ—Èπ‡√“®–‰¥â«à“°“√·®°·®ß∑«‘π“¡π‘‡ ∏®– “¡“√∂ª√–¡“≥‰¥â¥â«¬°“√·®°·®ß

ªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = 
nq
p  ‡¡◊ËÕ n ¡’§à“¡“° ·≈– q ¡’§à“πâÕ¬ „π∑”πÕß‡¥’¬«°—πøíß°å™—π°“√·®°·®ß¢Õß

µ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏   “¡“√∂ª√–¡“≥‰¥â¥â«¬øíß°å™—π°“√·®°·®ß¢Õß

µ—«·ª√ ÿà¡ªí«´ß  ‡¡◊ËÕ x = 0,1,... ‡™àπ°—π ´÷Ëß„π°√≥’π’È Teerapabolarn and

Wongkasem [1] ‰¥â„™â«‘∏’ ‰µπå‡™π (Stein-Chen method)  √â“ß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª ”À√—∫§à“§≈“¥‡§≈◊ËÕπ
 —¡∫Ÿ√≥å√–À«à“ßøíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏·≈–µ—«·ª√ ÿà¡ªí«´ß ”À√—∫ 

¥—ßπ’È

(2)

æ‘®“√≥“øíß°å™—π¡«≈§«“¡πà“®–‡ªìπ„π ¡°“√ (1) ‡√“®–‰¥â«à“
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(3)

®“° ¡°“√ (3) æ∫«à“ ∂â“ n → ∞ ·≈– q → 0 „π¢≥–∑’Ë nq ¡’§à“®”°—¥ (0<nq<∞) ·≈â«®–‰¥â«à“

  ”À√—∫∑ÿ° x = 0,1,... · ¥ß«à“∂â“ n ¡’§à“¡“° ·≈– q ¡’§à“πâÕ¬‡¢â“„°≈â»Ÿπ¬å„π¢≥–∑’Ë

λ = nq ¡’§à“®”°—¥ ·≈â«°“√·®°·®ß∑«‘π“¡π‘‡ ∏®–≈Ÿà‡¢â“ Ÿà°“√·®°·®ßªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = nq ‰¥â‡™àπ‡¥’¬«°—π

¥—ß∑’Ë‰¥â¡’°“√°≈à“«‰«â„π Johnson et al. [2] ¥—ßπ—ÈππÕ°®“°°“√ª√–¡“≥øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡
∑«‘π“¡π‘‡ ∏¥â«¬øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡ªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = 

nq
p  ·≈â« °“√ª√–¡“≥¥—ß°≈à“«

 “¡“√∂„™â‰¥â°—∫§à“‡©≈’Ë¬¢Õßµ—«·ª√ ÿà¡ªí«´ß λ = nq ‰¥â‡™àπ°—π ·≈–„π°√≥’π’È Teerapabolarn [3] ‰¥â„™â
«‘∏’ ‰µπå‡™π √â“ß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª ”À√—∫§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å√–À«à“ßøíß°å™—π°“√·®°·®ß¢Õß
µ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏·≈–µ—«·ª√ ÿà¡ªí«´ß ”À√—∫  ‡ªìπ¥—ßπ’È

(4)

´÷Ëß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿªπ’È¥’°«à“ (¡’§à“πâÕ¬°«à“) ¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„πÕ ¡°“√ (2) Õ¬à“ß‰√°Áµ“¡ ®“°°“√»÷°…“
ß“π«‘®—¬¢Õß§≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [4] ‡√“æ∫«à“¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„πÕ ¡°“√ (4)  “¡“√∂ª√—∫ª√ÿß„Àâ¥’
·≈–¡’§«“¡‡À¡“– ¡¡“°¢÷Èπ‰¥â ¥—ßπ—Èπ®ÿ¥¡ÿàßÀ¡“¬¢Õßß“π«‘®—¬π’È §◊Õ µâÕß°“√ª√—∫ª√ÿß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª
¢Õß°“√ª√–¡“≥øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏¥â«¬øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡
ªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = nq „πÕ ¡°“√ (4) „Àâ¥’·≈–¡’§«“¡‡À¡“– ¡¡“°¬‘Ëß¢÷Èπ ·≈–«‘∏’∑’Ëπ”¡“„™âª√—∫ª√ÿß
¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª §◊Õ «‘∏’ ‰µπå‡™π ‡™àπ‡¥’¬«°—π

«—µ∂ÿª√– ß§å¢Õß°“√«‘®—¬
1. ‡æ◊ËÕª√—∫ª√ÿß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õß§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å√–À«à“ßøíß°å™—π°“√·®°·®ß¢Õß

µ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏·≈–µ—«·ª√ ÿà¡ªí«´ß
2. ‡æ◊ËÕ‡ª√’¬∫‡∑’¬∫¢Õß‡¢µ‰¡à‡Õ°√Ÿª¢Õß§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å∑’Ë‰¥âª√—∫ª√ÿß·≈–¢Õ∫‡¢µ‰¡à

‡Õ°√Ÿª„πÕ ¡°“√ (4)
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«‘∏’¥”‡π‘π°“√«‘®—¬
«‘∏’∑’Ë‡√“„™â„π°“√ª√—∫ª√ÿß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õß°“√ª√–¡“≥øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡

∑«‘π“¡π‘‡ ∏¥â«¬øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡ªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = nq §◊Õ «‘∏’ ‰µπå‡™π ÷́Ëß‡ªìπ«‘∏’
‡¥’¬«°—∫∑’Ë„™â„πß“π«‘®—¬¢Õß Teerapabolarn and Wongkasem [1] ·≈– Teerapabolarn [3] «‘∏’π’È‡√‘Ë¡µâπ
¥â«¬ ¡°“√¢Õß ‰µπå (Steinûs equation)  ”À√—∫°“√·®°·®ßªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ > 0 ¥—ßπ’È

(5)

‚¥¬∑’Ë  ·≈– f ·≈– h ‡ªìπøíß°å™—π§à“®√‘ß∑’Ë¡’¢Õ∫‡¢µ∑’Ëπ‘¬“¡∫π‡´µ 

 ”À√—∫ x0 „Àâ  ‡ªìπøíß°å™—π∑’Ë°”Àπ¥‚¥¬

´÷Ëß§≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [4] ‰¥âÀ“º≈‡©≈¬ f ‡¡◊ËÕ·∑π h ¥â«¬ hx0 „π ¡°“√ (5) ‡ªìπ¥—ßπ’È

(6)

´÷Ëß®– —ß‡°µ‰¥â«à“ f(x) ≥ 0  ”À√—∫∑ÿ°§à“¢Õß x0 

µàÕ‰ª‡√“®– √â“ß∫∑µ—Èß (lemma) ‡æ◊ËÕ™à«¬æ‘ Ÿ®πå∑ƒ…Æ’∫∑À≈—° (main theorem) ¥—ßπ’È

∫∑µ—Èß 1 „Àâ x0  ·≈â«®–‰¥â«à“

(7)

æ‘ Ÿ®πå ‡√“®–· ¥ß«à“Õ ¡°“√ (7) ‡ªìπ®√‘ß‚¥¬·∫àß°“√· ¥ß‡ªìπ 2 °√≥’ ¥—ßπ’È
°√≥’∑’Ë 1: 2 ≤ x ≤ x0

‚¥¬ ¡°“√ (6) ·≈–Õ ¡°“√ (2.7) „π Teerapabolarn [5] ‡√“®–‰¥â«à“
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°√≥’∑’Ë 2: 2 ≤ x ·≈– x0 
+ 1 ≤ x

‚¥¬ ¡°“√ (6) ‡√“®–‰¥â«à“

¥—ßπ—Èπ®“°∑—Èß 2 °√≥’ ‡√“®–‰¥âÕ ¡°“√ (7)
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∫∑µ—Èß 2 „Àâ x0  ·≈– λ = nq ·≈â«®–‰¥â«à“

(8)

æ‘ Ÿ®πå

¥—ßπ—Èπ ‡√“‰¥âÕ ¡°“√ (8) µ“¡µâÕß°“√

º≈°“√«‘®—¬
∑ƒ…Æ’∫∑µàÕ‰ªπ’È‰¥â· ¥ßº≈≈—æ∏å∑’ËÕ¬Ÿà„π√Ÿª¢Õß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õß§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å

√–À«à“ßøíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏·≈–øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡ªí«´ß

∑ƒ…Æ’∫∑ 1 „Àâ x0  ·≈– λ = nq ·≈â«®–‰¥â«à“

(9)
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æ‘ Ÿ®πå ®“°°“√æ‘ Ÿ®πå∑ƒ…Æ’∫∑ 3.1 ¢Õß§≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [4] ‡√“®–‰¥â«à“

À√◊Õ

(10)

‚¥¬∑’Ë f π‘¬“¡‡™àπ‡¥’¬«°—∫ ¡°“√ (6) ·≈–‚¥¬∫∑µ—Èß 1 ‡√“®–‰¥â

(11)

‚¥¬Õ ¡°“√ (10) ·≈– (11) ‡√“®–‰¥â

(12)

·≈–®“°∫∑µ—Èß 2 ®–‰¥â«à“

(13)

¥—ßπ—Èπ ‚¥¬Õ ¡°“√ (12) ·≈– (13) ‡√“®–‰¥â

´÷Ëß∑”„Àâ‡√“‰¥âÕ ¡°“√ (9)

À¡“¬‡Àµÿ ‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õßº≈≈—æ∏å„πÕ ¡°“√ (9) ·≈–¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª
¢Õßº≈≈—æ∏å„πÕ ¡°“√ (4) ‡√“®–‰¥â«à“¢Õ∫‡¢µ„πÕ ¡°“√ (9) ¥’°«à“¢Õ∫‡¢µ„πÕ ¡°“√ (4)  ”À√—∫∑ÿ°
x0  ¥—ß∫∑·∑√°µàÕ‰ªπ’È

∫∑·∑√° 1  ”À√—∫ λ = nq ·≈â«®–‰¥â«à“

1.

2.
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æ‘ Ÿ®πå ¥Ÿæ‘ Ÿ®πå„π∫∑·∑√° 3.2 ¢Õß§≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [6]

µ—«Õ¬à“ß‡™‘ßµ—«‡≈¢
‡æ◊ËÕ„Àâ‡ÀÁπ∂÷ß°“√„™âº≈≈—æ∏å¢Õß°“√ª√–¡“≥‰¥âÕ¬à“ß™—¥‡®π ‡√“®÷ß‰¥âπ”‡ πÕº≈≈—æ∏å‡™‘ß

µ—«‡≈¢∫“ß à«π¢Õß°“√ª√–¡“≥øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏¥â«¬øíß°å™—π°“√·®°·®ß¢Õß
µ—«·ª√ ÿà¡ªí«´ß ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢µàÕ‰ªπ’È‡ªìπµ—«Õ¬à“ß¢Õßº≈≈—æ∏å„π∑ƒ…Æ’∫∑ 1

1. n = 100 ·≈– p = 0.999 ¥—ßπ—Èπ λ = 0.1 ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â§◊Õ

´÷Ëß¥’°«à“º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â®“°Õ ¡°“√ (4)

2. n = 500 ·≈– p = 0.999 ¥—ßπ—Èπ λ = 0.5 ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â§◊Õ

´÷Ëß¥’°«à“º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â®“°Õ ¡°“√ (4)

3. n = 100 ·≈– p = 0.99 ¥—ßπ—Èπ λ = 1.0 ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â§◊Õ

´÷Ëß¥’°«à“º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â®“°Õ ¡°“√ (1.4)
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4. n = 250 ·≈– p = 0.99 ¥—ßπ—Èπ λ = 2.5 ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â§◊Õ

´÷Ëß¥’°«à“º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â®“°Õ ¡°“√ (1.4)

5. n = 1000 ·≈– p = 0.99 ¥—ßπ—Èπ λ = 10 ·≈–º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â§◊Õ

´÷Ëß¥’°«à“º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â®“°Õ ¡°“√ (1.4)
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æ‘®“√≥“º≈≈—æ∏å‡™‘ßµ—«‡≈¢¢Õß∑—ÈßÀâ“µ—«Õ¬à“ß ‡√“æ∫«à“¢Õ∫‡¢µ¢Õß§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å®–
·§∫„π°√≥’∑’Ë q ¡’§à“πâÕ¬ (¡’§à“‡¢â“„°≈â 0) ´÷Ëß· ¥ß«à“º≈≈—æ∏å¢Õß°“√ª√–¡“≥ªí«´ßπ’È®–¡’§«“¡∂Ÿ°µâÕß
‡À¡“– ¡¡“°¢÷Èπ ‡¡◊ËÕ q ¡’§à“πâÕ¬ ·≈–‡¡◊ËÕ¥Ÿº≈°“√‡ª√’¬∫‡∑’¬∫‡™‘ßµ—«‡≈¢¢Õß¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„π·µà≈–
µ—«Õ¬à“ß ‡√“æ∫«à“¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„π∑ƒ…Æ’∫∑ 1 ¥’°«à“ (πâÕ¬°«à“) ¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„πÕ ¡°“√ (4)
‚¥¬‡©æ“–Õ¬à“ß¬‘Ëß‡¡◊ËÕ λ ¡’§à“¡“°¢÷Èπ

 √ÿªº≈°“√«‘®—¬
„π°“√»÷°…“§√—Èßπ’È ‡√“‰¥âª√—∫ª√ÿßº≈≈—æ∏å¢Õß°“√ª√–¡“≥øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡

∑«‘π“¡π‘‡ ∏∑’Ë¡’æ“√“¡‘‡µÕ√å n ·≈– p ¥â«¬øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡ªí«´ß∑’Ë¡’§à“‡©≈’Ë¬ λ = nq º≈≈—æ∏å
¥—ß°≈à“«Õ¬Ÿà„π√Ÿª¢Õß§à“§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å√–À«à“ßøíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡∑«‘π“¡π‘‡ ∏·≈–
øíß°å™—π°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡ªí«´ß·≈–¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª ´÷Ëß‡√“æ∫«à“‡¡◊ËÕ¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õß§à“
§≈“¥‡§≈◊ËÕπ —¡∫Ÿ√≥å¡’§à“πâÕ¬ À√◊Õ¡’§à“‡¢â“„°≈â»Ÿπ¬å (q À√◊Õ λ ¡’§à“πâÕ¬) ®–∑”„Àâ°“√ª√–¡“≥ªí«´ß¡’
§«“¡∂Ÿ°µâÕß·≈–‡À¡“– ¡¡“°¢÷Èπ ·≈–‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫¢Õ∫‡¢µ¢Õß°“√ª√–¡“≥„π‡™‘ß∑ƒ…Æ’·≈–‡™‘ß
µ—«‡≈¢‡√“æ∫«à“¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª„π°“√»÷°…“§√—Èßπ’È¥’°«à“ (πâÕ¬°«à“) ¢Õ∫‡¢µ‰¡à‡Õ°√Ÿª¢Õß Teerapabolarn
[3]  ”À√—∫∑ÿ°§à“¢Õß x0 
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