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The Social Golfer Problem and Latin Squares
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ABSTRACT

The social golfer problem has been considered since 1998. The problem states that
how to group golfers into equally members per group and play golf for many rounds such that
any two golfers will meet in the same group at most once, what is the maximum number of
rounds can it be arranged? It is equivalent to Kirkman triple system, if each group has three
members. In this article, we study a special case, the number of members per group equals to the
number of groups. We present how to arrange golfers in this special case by using a Latin square
and conclude that if the number of members per group is a prime power, then this problem can
be solved.
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∫∑π”
„π°“√·¢àß¢—π°’Ã“·µà≈–§√—Èß‡®â“¿“æ¡’Àπâ“∑’Ë®—¥µ“√“ß°“√·¢àß¢—π„Àâ‡À¡“– ¡¡“°∑’Ë ÿ¥ ‡™àπ

°“√®—¥·¢àß¢—π°Õ≈åøÀπ÷Ëß√Õ∫®–·∫àßπ—°°Õ≈åøÕÕ°‡ªìπ°≈ÿà¡ (‡√’¬°«à“°ä«π) ‚¥¬∑’Ë®”π«ππ—°°Õ≈åø„π·µà≈–
°ä«π‡∑à“°—π „π°“√·¢àß¢—ππ—°°Õ≈åø„π°ä«π‡¥’¬«°—π®–‡≈àπ„πÀ≈ÿ¡‡¥’¬«°—π ·≈–¥”‡π‘π°“√·¢àß¢—π‰ªæ√âÕ¡
°—π°—∫°ä«π∑’Ë‡≈àπ„πÀ≈ÿ¡Õ◊Ëπ ‡¡◊ËÕ‡≈àπ°Õ≈åø„πÀ≈ÿ¡π—Èπ‡ √Á®·≈â«®÷ß‡«’¬π‡≈àπÀ≈ÿ¡µàÕ‰ª®π§√∫ °“√·¢àß¢—π
°Õ≈åø„π√Õ∫µàÕ‰ª‡®â“¿“æ®–®—¥°ä«π„À¡à‚¥¬∑’Ëπ—°°Õ≈åø·µà≈–§Ÿà®–‰¡àÕ¬Ÿà„π°ä«π‡¥’¬«°—πÕ’° §”∂“¡∑’Ë‡°‘¥¢÷Èπ
§◊Õ ‡®â“¿“æ®–®—¥°“√·¢àß¢—π‰¥â¡“°∑’Ë ÿ¥°’Ë√Õ∫ ®–‡√’¬°ªí≠À“π’È«à“ SGP ´÷Ëß¬àÕ¡“®“° Social Golfer
Problem ·≈–™◊ËÕπ’È‡√‘Ë¡µâπ¡“®“°°“√∂“¡§”∂“¡„π‡«Á∫ sci.op-research [1] ‡¡◊ËÕ‡¥◊Õπæƒ…¿“§¡ªï §.». 1998
´÷ËßµâÕß°“√·∫àßπ—°°Õ≈åøÕÕ°‡ªìπ 8 °ä«π °ä«π≈– 4 §π ®”π«π√Õ∫∑’Ë‡ªìπ‰ª‰¥â¡“°∑’Ë ÿ¥ §◊Õ 31/3  =
10 √Õ∫ §‘¥‚¥¬æ‘®“√≥“π—°°Õ≈åøÀπ÷Ëß§πÕ¬Ÿà„π°ä«π‡¥’¬«°—π°—∫π—°°Õ≈åø§πÕ◊Ëπ‰¥â√Õ∫≈– 3 §π ‰¡àπ“π°Á
¡’ºŸâµÕ∫ªí≠À“π’È«à“ “¡“√∂®—¥‰¥â 9 √Õ∫ ®π°√–∑—Ëß„πªï §.». 2004 Õ–°«“‚¥ (Aguado) [2] °Á‰¥â§âπæ∫
«‘∏’®—¥‰¥â 10 √Õ∫

¬âÕπ°≈—∫‰ª„πªï §.». 1850 ‡§‘√å°·¡π (Kirkman) ‰¥â∂“¡ªí≠À“∑’Ë§≈â“¬°—∫ SGP ‰«â„ππ‘µ¬ “√
Ladyûs and Gentlemanûs Diary ‰«â«à“

ç¡’π—°‡√’¬πÀ≠‘ßÕ¬Ÿà 15 §π µâÕß°“√®—¥„Àâ‡¢â“·∂«‡¥‘π‡¢â“™—Èπ‡√’¬π·∂«≈– 3 §π ®”π«π 5 ·∂«
‡ªìπ‡«≈“ 7 «—π ‚¥¬¡’‡ß◊ËÕπ‰¢«à“π—°‡√’¬π·µà≈–§Ÿà®–Õ¬Ÿà„π·∂«‡¥’¬«°—π‰¡à‡°‘πÀπ÷Ëß§√—Èßé

‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫°—π·≈â«ªí≠À“π’È§◊Õªí≠À“ SGP ‚¥¬∑’Ë·∫àßπ—°°Õ≈åøÕÕ°‡ªìπ 5 °ä«π °ä«π≈–
3 §π ·≈–®—¥·¢àß¢—π 7 √Õ∫ ´÷Ëß‡§‘√å°·¡π· ¥ß«‘∏’°“√®—¥π—°‡√’¬π‰«â¥—ßπ’È [3]

·∂« 1 ·∂« 2 ·∂« 3 ·∂« 4 ·∂« 5
®—π∑√å ABC DEF GHI JKL MNO
Õ—ß§“√ ADG BEJ CFM HKN ILO
æÿ∏ AEN BDO CHL FIK GJM
æƒÀ—  AIM BGL CDK EHO FJN
»ÿ°√å AHJ BKM CEI DLN FGO
‡ “√å AFL BIN CJO DHM EGK
Õ“∑‘µ¬å AKO BFH CGN DIJ ELM

‡æ◊ËÕ§«“¡ –¥«°®–‡¢’¬π SGP(g,p,w) ·∑πªí≠À“ SGP ∑’Ë·∫àßπ—°°Õ≈åøÕÕ°‡ªìπ g °ä«π
°ä«π≈– p §π ·≈–®—¥·¢àß¢—π w √Õ∫ ¥—ßπ—Èπ «‘∏’°“√®—¥π—°‡√’¬π¢Õß‡§‘√å°·¡π‡ªìπ§”µÕ∫¢Õßªí≠À“
SGP(5,3,7)

 ”À√—∫°√≥’∑’Ë p = 2 ªí≠À“ SGP(n,2,w) ®– ¡¡Ÿ≈°—∫ªí≠À“°“√·¬°µ—«ª√–°Õ∫ 1-·ø°‡µÕ√å
(One-factorization) ¢Õß°√“ø∫√‘∫Ÿ√≥å∑’Ë¡’ 2n ®ÿ¥¬Õ¥ (Complete graph, K2n)  ”À√—∫°√≥’∑’Ë p =
3 ªí≠À“ SGP(g,3,w) §◊Õ ªí≠À“°“√®—¥°≈ÿà¡∑’≈– “¡¢Õß‡§‘√å°·¡π (Kirkmanûs triple system)  ”À√—∫
°√≥’∑’Ë g = p = n ªí≠À“ SGP(n,n,w) ¡’§«“¡‡°’Ë¬«¢âÕß°—∫®—µÿ√— ≈–µ‘π ´÷Ëß∫∑§«“¡π’È®–π”‡ πÕ«‘∏’°“√®—¥
°ä«ππ—°°Õ≈åø ”À√—∫ªí≠À“ SGP(n,n,w) ‚¥¬„™â®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π
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®—µÿ√— ≈–µ‘π
∫∑π‘¬“¡∑’Ë 1 ®—µÿ√— ≈–µ‘π¢π“¥ n Ó n (Latin square of side n) §◊Õ µ“√“ß∑’Ë¡’ n ·∂« ·≈– n §Õ≈—¡πå

∫π‡´µ¢Õß —≠≈—°…≥å n µ—« ‚¥¬∑’Ë„π·µà≈–·∂«·≈–·µà≈–§Õ≈—¡πåµâÕßª√“°Ø —≠≈—°…≥å∑ÿ°
µ—«‡æ’¬ß§√—Èß‡¥’¬«

µ—«Õ¬à“ß∑’Ë 1 ®—µÿ√— ≈–µ‘π¢π“¥ 3 Ó 3 ∫π‡´µ¢Õß —≠≈—°…≥å {0,1,2}

0 1 2  0 2 1  0 2 1 
1 2 0  1 0 2  2 1 0 
2 0 1  2 1 0  1 0 2 

L1 L2 L3

À“°µâÕß°“√‡ª≈’Ë¬π™◊ËÕ —≠≈—°…≥å (Relabel) „π®—µÿ√— ≈–µ‘π„Àâ‡ª≈’Ë¬π™◊ËÕ —≠≈—°…≥å∑’Ëª√“°ØÕ¬Ÿà
∑ÿ°™àÕß ‡™àπ ‡ª≈’Ë¬π 1 ‡ªìπ 2 µâÕß‡ª≈’Ë¬π∑ÿ°™àÕß∑’Ë¡’ 1 ª√“°ØÕ¬Ÿà‡ªìπ 2 ∑—ÈßÀ¡¥ ´÷Ëß®—µÿ√— ∑’Ë‰¥â®“°°“√
‡ª≈’Ë¬π™◊ËÕ®– ¡¡Ÿ≈ (Equivalence) °—∫®—µÿ√— ‡¥‘¡ ‡™àπ „πµ—«Õ¬à“ß∑’Ë 1 ‡¡◊ËÕ‡ª≈’Ë¬π™◊ËÕ —≠≈—°…≥å„π®—µÿ√—   L1

®“°‡´µ¢Õß —≠≈—°…≥å {0,1,2} ‡ªìπ {0,2,1} ®–‰¥â®—µÿ√—  L3

 ”À√—∫°“√√–∫ÿµ”·Àπàß∫πµ“√“ß ™àÕß (i, j) À¡“¬∂÷ß ™àÕß∑’ËÕ¬Ÿà„π·∂«∑’Ë i ·≈–§Õ≈—¡πå∑’Ë j

∫∑π‘¬“¡∑’Ë 2 ®—µÿ√— ≈–µ‘π 2 ®—µÿ√— ∑’Ëµ—Èß©“°°—π (Orthogonal Latin squares) §◊Õ ‡¡◊ËÕπ” —≠≈—°…≥å„π
™àÕß (i, j) ®“°®—µÿ√— ·√°·≈–®—µÿ√— ∑’Ë Õß¡“§Ÿà°—π §Ÿà∑’Ë‰¥â´÷Ëß§”π÷ß∂÷ß≈”¥—∫°àÕπÀ≈—ß®–
·µ°µà“ß°—π∑—ÈßÀ¡¥

µ—«Õ¬à“ß∑’Ë 2 °“√π” —≠≈—°…≥å„π™àÕß (i, j) ®“°®—µÿ√— ≈–µ‘π„πµ—«Õ¬à“ß∑’Ë 1 ¡“§Ÿà°—π

00 12 21  00 12 21 
11 20 02  12 21 00 
22 01

L1 §Ÿà°—∫ L2 L1 §Ÿà°—∫ L3

 10  21 00 12 

®“°µ—«Õ¬à“ß∑’Ë 2 ®–‡ÀÁπ«à“®—µÿ√—  L1 µ—Èß©“°°—∫®—µÿ√—  L2 „π¢≥–∑’Ë®—µÿ√—  L1 °—∫ L3 ‰¡àµ—Èß©“°°—π
‡æ√“–¡’°“√®—∫§Ÿà∑’Ë´È”°—π¥—ßµ—«Õ¬à“ß∑’Ë‰¥â·√‡ß“‰«â

µàÕ‰ª®–°≈à“«∂÷ß∑ƒ…Æ’∫∑∑’Ë 1-3 ÷́Ëß‡ªìπ∑ƒ…Æ’∫∑‡°’Ë¬«°—∫®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π∑’Ë√Ÿâ®—°°—π
Õ¬à“ß·æ√àÀ≈“¬  “¡“√∂À“Õà“π‡æ‘Ë¡‡µ‘¡‰¥â®“°‡Õ° “√Õâ“ßÕ‘ß [4] ‚¥¬®–π”∑ƒ…Æ’∫∑‡À≈à“π’È‰ª„™â„π°“√À“
§”µÕ∫¢Õßªí≠À“ SGP(n,n,w) µàÕ‰ª
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∑ƒ…Æ’∫∑∑’Ë 1 ¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n ‰¡à‡°‘π n›1 ®—µÿ√— ∑’Ë®—µÿ√— ·µà≈–§Ÿàµ—Èß©“°°—π

∫∑æ‘ Ÿ®πå  ¡¡µ‘«à“¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà k ®—µÿ√—  §◊Õ L1,L2,...,Lk ´÷Ëß Li µ—Èß©“°°—∫ Lj ∑ÿ°Ê i ≠ j
‡√“®–· ¥ß«à“ k ≤ n›1

‚¥¬‰¡à‡ ’¬π—¬∑—Ë«‰ª°”Àπ¥„Àâ·µà≈– i ®—µÿ√—  Li ¡’·∂«·√°‡ªìπ 1,2,...,n ∂â“‰¡à‡ªìπ‡™àππ’È„Àâ∑”°“√‡ª≈’Ë¬π™◊ËÕ
 —≠≈—°…≥å ®–‰¥â«à“®—µÿ√— ≈–µ‘π·µà≈–§Ÿà¬—ß§ßµ—Èß©“°°—π‡À¡◊Õπ‡¥‘¡

æ‘®“√≥“™àÕß (2,1) ∫π®—µÿ√— ≈–µ‘π Li „Àâ‡≈¢„π™àÕßπ—Èπ·∑π¥â«¬ ai ®–‰¥â«à“ ai ≠ 1 ‡æ√“–¡’ 1 „π§Õ≈—¡πå∑’Ë
1 ·≈â« ¥—ßπ—Èπ ai  

{2,3,...,n}  ”À√—∫∑ÿ°Ê i ≠ j µ—«‡≈¢„π™àÕß (1,t) ¢Õß Li ·≈– Lj §◊Õ t ∂â“ ai = aj = t
®–‰¥â«à“ Li ‰¡àµ—Èß©“°°—∫ Lj ‡æ√“–‡¡◊ËÕπ”µ—«‡≈¢¡“§Ÿà°—π„π™àÕß (2,1) §◊Õ tt ®– È́”°—∫™àÕß (1,t)

· ¥ß«à“∂â“ Li °—∫ Lj µ—Èß©“°°—π·≈â« ®–‰¥â«à“ ai ≠ aj ‡π◊ËÕß®“° ai  
{2,3,...,n} · ¥ß«à“¡’ ai ∑’Ë·µ°µà“ß°—π

‰¥âÕ¬à“ß¡“° n›1 µ—« ¥—ßπ—Èπ k ≤ n›1 ■

∑ƒ…Æ’∫∑∑’Ë 2 „Àâ n ‡ªìπ®”π«π‡©æ“– ®–¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà n›1 ®—µÿ√— ∑’Ë®—µÿ√— ·µà≈–§Ÿàµ—Èß©“°°—π

∫∑æ‘ Ÿ®πå „Àâ n ‡ªìπ®”π«π‡©æ“–  √â“ßµ“√“ß¢÷Èπ¡“ n›1 µ“√“ß‡ªìπµ“√“ß°“√∫«°¡Õ¥Ÿ‚≈ n ‚¥¬„™â Ÿµ√
x + iy ‚¥¬∑’Ë i = 1,2,...,n›1 ·≈– x,y  {0,1,...,n›1} ‡™àπ n = 5, ®–‰¥â i = 3, x = 2, y = 4, ®–‰¥â
x + iy = 14 ≡ 4 (mod 5) ·≈–®–‰¥âµ“√“ß°“√∫«° x + 3y

yx 0 1 2 3 4 

0 0 3 1 4 2 0 3 1 4 2 
1 1 4 2 0 3 1 4 2 0 3 
2 2 0 3 1 4 2 0 3 1 4 
3 3 1 4 2 0 3 1 4 2 0 
4 4 2 0 3 1 4 2 0 3 1 

µ“√“ß°“√∫«° x + 3y

®—µÿ√— ≈–µ‘π L3

„Àâ Li ‡ªìπ®—µÿ√— ∑’Ë‰¥â®“°µ“√“ß°“√∫«° x + iy ‡ÀÁπ‰¥â™—¥«à“ Li ‡ªìπ®—µÿ√— ≈–µ‘π ®–· ¥ß«à“
 ”À√—∫∑ÿ°Ê i ≠ j, Li µ—Èß©“°°—∫ Lj

æ‘ Ÿ®πå‚¥¬„™â¢âÕ¢—¥·¬âß  ¡¡µ‘«à“¡’ i ≠ j ´÷Ëß Li °—∫ Lj ‰¡àµ—Èß©“°°—π

®“°π‘¬“¡¢Õß®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π  √ÿª‰¥â«à“ „π Li ·≈– Lj ®–µâÕß¡’ 2 ™àÕß∑’Ëµà“ß°—π∑’Ë¡’°“√®—∫§Ÿà∑’Ë‡∑à“°—π
„Àâ 2 ™àÕßπ—Èπ§◊Õ (x1,y1) ·≈– (x2,y2) ®–‰¥â™àÕß (x1,y1) ≠ (x2,y2)

§à“„π™àÕß (x1,y1) „π Li §◊Õ x1 + iy1 ·≈–§à“„π™àÕß (x2,y2) „π Li §◊Õ x2 + iy2
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°“√®—∫§Ÿà∑’Ë‡∑à“°—π®–∑”„Àâ
x1 + iy1 ≡ x2 + iy2 (mod n) (1)

„π∑”πÕß‡¥’¬«°—π ”À√—∫ Lj ®–‰¥â
x1 + jy1 ≡ x2 + jy2 (mod n) (2)

π” ¡°“√ (1)-(2) ®–‰¥â y1(i›j) ≡ y2(i›j) (mod n)

∂â“ y1 ≠ y2 ®–‰¥â«à“ i›j ≡ 0 (mod n) ‡π◊ËÕß®“° n ‡ªìπ®”π«π‡©æ“– ¥—ßπ—Èπ i = j ‡°‘¥¢âÕ¢—¥·¬âß

∂â“ y1 = y2 ®“° ¡°“√ (1) ®–‰¥â«à“ x1 ≡ x2 (mod n) π—Ëπ§◊Õ x1 = x2 · ¥ß«à“ (x1,y1) = (x2,y2) ‡°‘¥¢âÕ¢—¥·¬âß
‡æ√“–©–π—Èπ Li µ—Èß©“°°—∫ Lj ∑ÿ°Ê i ≠ j ■

πÕ°®“°π’È ∂â“ n = pk ‚¥¬∑’Ë p ‡ªìπ®”π«π‡©æ“–·≈â« ®–¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà n›1
®—µÿ√— ∑’Ë®—µÿ√— ·µà≈–§Ÿàµ—Èß©“°°—π ´÷Ëß √â“ß¡“®“°øî≈¥å°“≈—« (Galois field) GF(n) ·≈–¡’«‘∏’ √â“ß®—µÿ√— ≈–µ‘π
∑’Ëµ—Èß©“°°—π‚¥¬„™â Ÿµ√ x + iy ‚¥¬∑’Ë x,y,i  GF(n) ·≈– i ≠ 0

 ”À√—∫ªí≠À“°“√¡’®—µÿ√— ≈–µ‘π¢π“¥ 6 Ó 6 ∑’Ëµ—Èß©“°°—π ÷́Ëß ¡¡Ÿ≈°—∫ªí≠À“°“√®—¥∑À“√ 36 §π
∑’ËÕÕ¬‡≈Õ√å (Euler) ∂“¡¢÷Èπ„πªï §.». 1782 ´÷Ëß°≈à“««à“

ç„πÀπà«¬∑À“√¡’°Õß∑—æÕ¬Ÿà 6 °Õß∑—æ ·µà≈–°Õß∑—æ¡’∑À“√ 6 π“¬ ´÷Ëß¡’¬»µà“ß°—π∑—Èß 6 π“¬
µâÕß°“√®—¥·∂«∑À“√‡À≈à“π’È‡ªìπµ“√“ß¢π“¥ 6 Ó 6 ‚¥¬∑’Ë·µà≈–·∂«·≈–·µà≈–§Õ≈—¡πå

µâÕß¡’¡“®“°∑—Èß 6 °Õß∑—æ·≈–¡’¬»µà“ß°—π 6 ¬»é
ÕÕ¬‡≈Õ√å§“¥°“√≥å‰«â«à“ ‰¡à¡’§”µÕ∫ ”À√—∫ªí≠À“π’È ≈à«ß‡≈¬¡“√âÕ¬ªï ®÷ß¡’∫∑æ‘ Ÿ®πå«à“¢âÕ§“¥

°“√≥åπ—Èπ∂Ÿ°µâÕß §◊Õ „πªï §.». 1901 ∑“√å√’ (Tarry) [5] ‰¥â‡¢’¬π®—µÿ√— ≈–µ‘π¢π“¥ 6 Ó 6 ∑ÿ°√Ÿª·∫∫¥â«¬¡◊Õ
(‡π◊ËÕß®“°„πµÕππ—Èπ¬—ß‰¡à¡’§Õ¡æ‘«‡µÕ√å) ®÷ß √ÿª‰¥â«à“‰¡à¡’®—µÿ√— ≈–µ‘π¢π“¥ 6 Ó 6 ∑’Ëµ—Èß©“°°—π

∑ƒ…Æ’∫∑∑’Ë 3 ‰¡à¡’®—µÿ√— ≈–µ‘π¢π“¥ 6 Ó 6 ∑’Ëµ—Èß©“°°—π

ªí≠À“ SGP(n,n,w)
„π à«ππ’È ‡√“®–„™â§«“¡√Ÿâ„π‡√◊ËÕß®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π¡“™à«¬·°âªí≠À“ SGP ‚¥¬®–‡√‘Ë¡¥â«¬

°“√· ¥ß«‘∏’À“§”µÕ∫ ”À√—∫ªí≠À“ SGP(3,3,4) °àÕπ ®“°π—Èπ®÷ß¢¬“¬‰ª Ÿà§à“ n „¥Ê
„Àâ L1 ·≈– L2 ‡ªìπ®—µÿ√— ≈–µ‘π¢π“¥ 3 Ó 3  Õß®—µÿ√— ∑’Ëµ—Èß©“°°—π ´÷Ëß‰¥â¡“®“°µ—«Õ¬à“ß∑’Ë 1

·≈– 2 ·≈–„Àâ®—µÿ√—  A ∫√√®ÿµ—«‡≈¢ 1-9 ·∑ππ—°°Õ≈åø 9 §π

 0 1 2 0 2 1 1 2 3 

1L = 1 2 0 2L = 1 0 2 A = 4 5 6 

 2 0 1 2 1 0 7 8 9 
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‡√“®–®—¥°ä«πÕÕ°‡ªìπ 4 √Õ∫ ¥—ßµàÕ‰ªπ’È
√Õ∫∑’Ë 1 ®—¥°ä«π‚¥¬„™â·∂«®“°µ“√“ß A ®–‰¥â 3 °ä«π §◊Õ 123, 456, 789
√Õ∫∑’Ë 2 ®—¥°ä«π‚¥¬„™â§Õ≈—¡πå®“°µ“√“ß A ®–‰¥â 3 °ä«π §◊Õ 147, 258, 369
√Õ∫∑’Ë 3 ®—¥°ä«π‚¥¬„™â L1 ¡“‡∑’¬∫°—∫µ“√“ß A ‚¥¬™àÕß„π L1 ∂Ÿ°·∫àßÕÕ°‡ªìπ 3 °≈ÿà¡µ“¡

À¡“¬‡≈¢∑’ËÕ¬Ÿà„π™àÕß ºŸâ‡≈àπ 2 §π„¥Ê „πµ“√“ß A ®–Õ¬Ÿà„π°ä«π‡¥’¬«°—π∂â“æ«°‡¢“
Õ¬Ÿà„π™àÕß∑’Ë¡’‡≈¢‡¥’¬«°—π„π L1 ‡™àπ 1, 6, 8 Õ¬Ÿà„π°ä«πÀ¡“¬‡≈¢ 0

0 1 2 1 2 3 

1L = 1 2 0 A = 4 5 6 

 02  1 7 8 9 

¥—ßπ—Èπ ®–‰¥â 3 °ä«π §◊Õ 168, 249, 357
√Õ∫∑’Ë 4 ®—¥°ä«π‚¥¬„™â L2 ¡“‡∑’¬∫°—∫µ“√“ß A „π≈—°…≥–‡¥’¬«°—π°—∫√Õ∫∑’Ë 3 ®–‰¥â 3 °ä«π

§◊Õ 159, 348, 267

0 2 1 1 2 3 

2L = 1 0 2 A = 4 5 6 

 12  0 7 8 9 

‡ÀÁπ™—¥«à“·µà≈–·∂«°—∫·µà≈–§Õ≈—¡πå¡’ ¡“™‘°√à«¡°—π‡æ’¬ßµ—«‡¥’¬« ·≈–‡π◊ËÕß®“° L1 ·≈–
L2 ‡ªìπ®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π µ—«‡≈¢‡¥’¬«°—π®÷ß¡“®“°µà“ß·∂«·≈–µà“ß§Õ≈—¡πå°—π∑—ÈßÀ¡¥ πÕ°®“°π—Èπ
™àÕß∑’Ë¡’‡≈¢‡¥’¬«°—π„π L1 ‡¡◊ËÕ‡∑’¬∫°—∫„π L2 ®–æ∫«à“¡’‡≈¢´È”°—π‡æ’¬ßµ—«‡¥’¬« ®–‰¥â«à“°ä«π Õß°ä«π
®“°√Õ∫∑’Ëµà“ß°—π ®–¡’π—°°Õ≈åø√à«¡°—π‡æ’¬ßÀπ÷Ëß§π π—°°Õ≈åø·µà≈–§Ÿà®÷ßÕ¬Ÿà„π°ä«π‡¥’¬«°—πÕ¬à“ß¡“°√Õ∫‡¥’¬«
¥—ßπ—Èπ °“√®—¥¥â«¬«‘∏’π’È‡ªìπ§”µÕ∫¢Õßªí≠À“ SGP(3,3,4)  √ÿª‡ªìπµ“√“ß‰¥â¥—ßπ’È

°ä«π∑’Ë 1 °ä«π∑’Ë 2 °ä«π∑’Ë 3
√Õ∫∑’Ë 1 123 456 789
√Õ∫∑’Ë 2 147 258 369
√Õ∫∑’Ë 3 168 249 357
√Õ∫∑’Ë 4 159 348 267

 —ß‡°µ«à“ π—°°Õ≈åø‡∫Õ√å 1 ‰¥âÕ¬Ÿà „π°ä«π‡¥’¬«°—π°—∫ 8 §π∑’Ë‡À≈◊Õ∑—ÈßÀ¡¥·≈â« ¥—ßπ—Èπ
‰¡à “¡“√∂®—¥°ä«π‰¥â„π√Õ∫∑’Ë 5
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®“°«‘∏’°“√®—¥°ä«π„πªí≠À“ SGP(3,3,4) ∑’Ëºà“π¡“ “¡“√∂¢¬“¬‰ª Ÿà°“√·°âªí≠À“ SGP(n,n,w)
‡¡◊ËÕ n ≥ 4 ‡π◊ËÕß®“°®”π«π√Õ∫¢÷ÈπÕ¬Ÿà°—∫®”π«π®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π‡√“®÷ßµâÕß°“√ √â“ß®—µÿ√— ≈–µ‘π
∑’Ëµ—Èß©“°°—π„Àâ‰¥â¡“°∑’Ë ÿ¥ ·≈–®–∑”„Àâ‰¥â§à“ w ¡“°∑’Ë ÿ¥ ´÷Ëßº≈‡©≈¬¢Õßªí≠À“π’È‰¥â®“°∑ƒ…Æ’∫∑∑’Ë 4-6
»÷°…“‡æ‘Ë¡‡µ‘¡‰¥â„π‡Õ° “√Õâ“ßÕ‘ß [6]

∑ƒ…Æ’∫∑∑’Ë 4 ∂â“¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà k ®—µÿ√— ∑’Ë®—µÿ√— ·µà≈–§Ÿàµ—Èß©“°°—π ·≈â«®–¡’º≈‡©≈¬
 ”À√—∫ªí≠À“ SGP(n,n,k + 2)

∫∑æ‘ Ÿ®πå  ¡¡µ‘«à“¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà k ®—µÿ√—  §◊Õ L1,L2,...,Lk ´÷Ëß Li µ—Èß©“°°—∫ Lj ∑ÿ°Ê i ≠ j
‚¥¬‰¡à‡ ’¬π—¬∑—Ë«‰ª °”Àπ¥„Àâ·µà≈– i ®—µÿ√—  Li ¡’·∂«·√°‡ªìπ 1,2,...,n ∂â“‰¡à‡ªìπ‡™àππ’È„Àâ∑”°“√‡ª≈’Ë¬π
™◊ËÕ —≠≈—°…≥å ®–‰¥â«à“®—µÿ√— ≈–µ‘π·µà≈–§Ÿà¬—ß§ßµ—Èß©“°°—π‡À¡◊Õπ‡¥‘¡

„Àâ A ‡ªìπµ“√“ß¢π“¥ n Ó n ∑’Ë „π·µà≈–™àÕß¡’ —≠≈—°…≥å·∑ππ—°°Õ≈åø·µà≈–§π ·µà≈–√Õ∫®–·∫àß
π—°°Õ≈åøÕÕ°‡ªìπ n °ä«π °ä«π≈– n §π „Àâ Bi

t ·∑π‡´µ¢Õßπ—°°Õ≈åø„π°ä«π∑’Ë t „π√Õ∫∑’Ë i ®—¥·¢àß°Õ≈åø
‰¥â k + 2 √Õ∫¥—ßπ’È

„π√Õ∫∑’Ë i  ”À√—∫ i = 1,2,...,k π” Li ¡“‡∑’¬∫°—∫µ“√“ß A ·µà≈–°ä«π Bi
t ®–ª√–°Õ∫¥â«¬π—°°Õ≈åø∑’ËÕ¬Ÿà

„π™àÕß∑’Ë¡’ t ª√“°ØÕ¬Ÿà„π Li ®–‰¥â«à“ B ,i1 B ,...,i
2 B in ‰¡à¡’ ¡“™‘°√à«¡°—π‡≈¬ ·≈–∂â“ i ≠ j ·≈â« |Bi

t B j
s | = 1

‡æ√“– Li µ—Èß©“°°—∫ Lj ∑”„Àâ™àÕß∑’Ë t ª√“°ØÕ¬Ÿà„π Li ®– È́”°—∫™àÕß∑’Ë s ª√“°ØÕ¬Ÿà„π Li ‡æ’¬ß™àÕß‡¥’¬«

„π√Õ∫∑’Ë k + 1 ·µà≈–°ä«π B k+1
t  ®–ª√–°Õ∫¥â«¬π—°°Õ≈åø∑’ËÕ¬Ÿà„π·∂«∑’Ë t ¢Õßµ“√“ß A

„π√Õ∫∑’Ë k + 2 ·µà≈–°ä«π B k+2
t  ®–ª√–°Õ∫¥â«¬π—°°Õ≈åø∑’ËÕ¬Ÿà„π§Õ≈—¡πå∑’Ë t ¢Õßµ“√“ß A

®–‡ÀÁπ«à“  ”À√—∫ i = 1,2,...,k |Bi
t B k+1

s | = 1 ‡æ√“– t ª√“°ØÕ¬Ÿà„π·µà≈–·∂«¢Õß Li ‡ªìπ®”π«π 1 ™àÕß

‡∑à“π—Èπ ¥—ßπ—Èπ ®–¡’ t ª√“°ØÕ¬Ÿà„π·∂«∑’Ë s ‡æ’¬ß 1 ™àÕßæÕ¥’ „π∑”πÕß‡¥’¬«°—π®–‰¥â«à“ |Bi
t B k+2

s | = 1

 ”À√—∫√Õ∫∑’Ë k + 1 ·≈– k + 2 |B k+1
t B k+2

s | = 1 ‡æ√“–·∂«∑’Ë t ·≈–§Õ≈—¡πå∑’Ë s ¡’™àÕß√à«¡°—π §◊Õ ™àÕß (t,s)

 √ÿª‰¥â«à“  Õß°ä«π„¥Ê ®“°√Õ∫∑’Ëµà“ß°—π¡’π—°°Õ≈åø√à«¡°—π‡æ’¬ß 1 §π · ¥ß«à“π—°°Õ≈åø·µà≈–§ŸàÕ¬Ÿà„π
°ä«π‡¥’¬«°—π‰¡à‡°‘π 1 √Õ∫ ¥—ßπ—Èπ {Bi

t : i = 1,2,...,k + 2, t = 1,2,...,n} ‡ªìπº≈‡©≈¬¢Õßªí≠À“
SGP(n,n,k + 2) ■

∑ƒ…Æ’∫∑∑’Ë 5 ∂â“ n ‡ªìπ®”π«π‡©æ“– ·≈â«®–¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(n,n,n + 1)

∫∑æ‘ Ÿ®πå „Àâ n ‡ªìπ®”π«π‡©æ“– ‚¥¬∑ƒ…Æ’∫∑∑’Ë 2 ®–¡’®—µÿ√— ≈–µ‘π¢π“¥ n Ó n Õ¬Ÿà n › 1 ®—µÿ√— ∑’Ë®—µÿ√— 
·µà≈–§Ÿàµ—Èß©“°°—π ·∑π§à“ k = n › 1 „π∑ƒ…Æ’∫∑∑’Ë 4 ®–‰¥â«à“¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(n,n,n + 1) ■
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∑ƒ…Æ’∫∑∑’Ë 6 ‰¡à¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(6,6,4)

∫∑æ‘ Ÿ®πå ∂â“¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(6,6,4) ∑”°√–∫«π°“√¬âÕπ°≈—∫‡æ◊ËÕ √â“ß®—µÿ√— ≈–µ‘π¢π“¥
6 Ó 6 ∑’Ëµ—Èß©“°°—π ®–‰¥â k = 2 µ“¡∑ƒ…Æ’∫∑∑’Ë 4 ·µà∑ƒ…Æ’∫∑∑’Ë 3 °≈à“««à“‰¡à¡’®—µÿ√— ≈–µ‘π¢π“¥ 6 Ó 6
∑’Ëµ—Èß©“°°—π · ¥ß«à“¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(6,6,4) ‰¡à‰¥â ■

°“√ª√–¬ÿ°µå·≈–ªí≠À“∑’Ë§≈â“¬°—π
ªí≠À“∑’Ë 1 ®—¥·¢àßÀ¡“°√ÿ° 2n §π ·∫∫æ∫°—πÀ¡¥ ´÷Ëß¡’‡ß◊ËÕπ‰¢«à“ „πÀπ÷Ëß«—π·µà≈–§πµâÕß≈ß·¢àß·≈–

·¢àß‡æ’¬ßÀπ÷Ëß°√–¥“π‡∑à“π—Èπ ∂“¡«à“®–„™â‡«≈“°“√·¢àß¢—π 2n › 1 «—π ‰¥âÀ√◊Õ‰¡à
®–‡ÀÁπ‰¥â«à“ªí≠À“π’È‡À¡◊Õπ°—∫°“√À“«‘∏’®—¥°ä«π¢Õßªí≠À“ SGP(n,2,2n › 1) ´÷Ëß “¡“√∂®—¥‰¥â
‚¥¬°“√·°âªí≠À“°“√·¬°µ—«ª√–°Õ∫ 1-·ø°‡µÕ√å¢Õß°√“ø∫√‘∫Ÿ√≥å∑’Ë¡’ 2n ®ÿ¥¬Õ¥ ÷́Ëßº≈
‡©≈¬¢Õß°“√·¬°µ—«ª√–°Õ∫ 1-·ø°‡µÕ√å  “¡“√∂À“Õà“π‰¥â„π‡Õ° “√Õâ“ßÕ‘ß [4]

ªí≠À“∑’Ë 2 ÀâÕß‡√’¬π«‘™“‡§¡’·∫àßπ—°‡√’¬π‡ªìπ g °≈ÿà¡ °≈ÿà¡≈– p §π „Àâ∑”°“√∑¥≈Õß w °“√∑¥≈Õß
‚¥¬∑’Ë·µà≈–°≈ÿà¡®–¡’À—«Àπâ“°≈ÿà¡„π·µà≈–°“√∑¥≈Õß ÷́Ëßπ—°‡√’¬π∑’Ë‡ªìπÀ—«Àπâ“‰ª·≈â«®–‰¡à
‡ªìπÀ—«Àπâ“Õ’°„π°“√∑¥≈ÕßÕ◊Ëπ ·≈–π—°‡√’¬π·µà≈–§Ÿà®–‡®Õ°—π‰¥â‰¡à‡°‘πÀπ÷Ëß§√—Èß ®–®—¥°≈ÿà¡‰¥â
Õ¬à“ß‰√
ªí≠À“π’È§◊Õªí≠À“ SGP(g,p,w) ∑’Ë¡’°“√√–∫ÿÀ—«Àπâ“°≈ÿà¡„π°ä«π¥â«¬ ®÷ß‡ªìπ°√≥’‡©æ“–¢Õßªí≠À“
SGP(g,p,w) ́ ÷Ëß “¡“√∂„™â§Õ¡æ‘«‡µÕ√å™à«¬·°âªí≠À“‰¥â »÷°…“‡æ‘Ë¡‡µ‘¡‰¥â„π‡Õ° “√Õâ“ßÕ‘ß [5]

ªí≠À“∑’Ë 3 π—°∏ÿ√°‘® 20 §π‡¢â“√à«¡ß“πª√–™ÿ¡ —¡¡π“ ™à«ßæ—°√—∫ª√–∑“πÕ“À“√°≈“ß«—ππ—°∏ÿ√°‘®µâÕß°“√
æ∫ª– —ß √√§å°—∫∑ÿ°Ê §π ·µà«à“‚µä–Àπ÷Ëßπ—Ëß√à«¡°—π‰¥â‡æ’¬ß 4 §π ∂“¡«à“µâÕß®—¥ß“πª√–™ÿ¡
πâÕ¬∑’Ë ÿ¥°’Ë«—π π—°∏ÿ√°‘®·µà≈–§π®÷ß®–‰¥âæ∫°—∫π—°∏ÿ√°‘®§πÕ◊ËπÊ §√∫∑ÿ°§π
ªí≠À“π’È¥Ÿ‡À¡◊Õπ®–‡ªìπªí≠À“ SGP(5,4,w) ·µà„™â«‘∏’°“√·°âªí≠À“‰¡à‡À¡◊Õπ°—π ‡æ√“–ªí≠À“
°“√®—¥°ä«πµâÕß°“√ w ¡“°∑’Ë ÿ¥ ·≈–π—°°Õ≈åø∫“ß§Ÿà‰¡à‡§¬Õ¬Ÿà„π°ä«π‡¥’¬«°—π‡≈¬°Á‰¥â
 ”À√—∫ªí≠À“π’ÈµâÕß°“√ w πâÕ¬∑’Ë ÿ¥ ·µàπ—°∏ÿ√°‘®·µà≈–§ŸàµâÕß‡®Õ°—πÕ¬à“ßπâÕ¬Àπ÷Ëß§√—Èß
¥—ßπ—Èπ ªí≠À“π’È‰¡à„™à SGP(5,4,w) Õ¬à“ß‰√°Áµ“¡ ªí≠À“π’È‡ªìπªí≠À“∑’Ëπà“ π„® “¡“√∂Õà“π
‡æ‘Ë¡‡µ‘¡‰¥â„π‡Õ° “√Õâ“ßÕ‘ß [7]
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 √ÿª
∫∑§«“¡π’Èπ”‡ πÕ°“√„™â®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π¡“·°âªí≠À“°“√®—¥°ä«ππ—°°Õ≈åø„π°√≥’æ‘‡»…

§◊Õ SGP(n,n,w) ‚¥¬∂â“ n = pk ·≈– p ‡ªìπ®”π«π‡©æ“– ®–¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(n,n,n + 1)
·µà∂â“ n ≠ pk º≈‡©≈¬®–¢÷ÈπÕ¬Ÿà°—∫®”π«π¢Õß®—µÿ√— ≈–µ‘π∑’Ëµ—Èß©“°°—π„π°√≥’∑’Ë n = 6 ‰¡à¡’®—µÿ√— ≈–µ‘π
¢π“¥ 6 Ó 6 ∑’Ëµ—Èß©“°°—π ∑”„Àâ‰¡à¡’º≈‡©≈¬ ”À√—∫ªí≠À“ SGP(6,6,4)  ”À√—∫ªí≠À“ SGP(g,p,w) „¥Ê
„πµ“√“ß∑’Ë 1 ‰¥â· ¥ßº≈‡©≈¬∫“ß à«π¢Õßªí≠À“ SGP ´÷Ëß√«∫√«¡‚¥¬«Õ√‘° (Warwick) „πªï §.». 2002
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