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A Non-Uniform Bound on Pointwise Approximation
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Binomial Distribution

Kanint Teerapabolarn*

ABSTRACT

In this study, we use Steinûs method for the binomial distribution and the
w-function associated with generalized binomial random variables to determine a non-uniform
bound on the binomial approximation to the generalized binomial distribution, in terms of the
distance between generalized binomial and binomial probability distribution functions together
with its non-uniform upper bound. Furthermore, we also give some numerical examples to
illustrate the result of this approximation.
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∫∑π”
°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª (generalized binomial distribution) ‡ªìπ°“√·®°·®ß«‘¬ÿµ (discrete

distribution) ·∫∫Àπ÷Ëß∑’Ë Dwass [5] ‰¥âπ”‡ πÕ¢÷Èπ¡“‡æ◊ËÕ„™â‡ªìπ°“√·®°·®ß«‘¬ÿµ∑’Ë “¡“√∂„™âÕ∏‘∫“¬
°“√·®°·®ß∑’Ë¡’§«“¡ ”§—≠Õ◊ËπÊ ‰¥â§√Õ∫§≈ÿ¡∂÷ß “¡°“√·®°·®ß §◊Õ °“√·®°·®ß∑«‘π“¡ (binomial
distribution) °“√·®°·®ß‰Œ‡æÕ√å®’ÕÕ‡¡µ√‘° (hypergeometric distribution) ·≈–°“√·®°·®ß‚æ≈¬“
(Pólya distribution) °“√·®°·®ß∑«‘π“¡∑—Ë«‰ª∑’Ë Dwass [5] ‰¥âπ”‡ πÕ ¡’¿Ÿ¡‘À≈—ß·≈–√Ÿª·∫∫¥—ßπ’È ( “¡“√∂
»÷°…“‡æ‘Ë¡‡µ‘¡‰¥â„π §≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [1])

 ¡¡µ‘«à“ª√–™“°√™ÿ¥Àπ÷Ëßª√–°Õ∫¥â«¬ ¡“™‘° Õßª√–‡¿∑∑’Ë·µ°µà“ß°—π §◊Õ ª√–‡¿∑ I ·≈–
ª√–‡¿∑ II °”Àπ¥„Àâ A ·≈– B ·∑πª√‘¡“≥‡√‘Ë¡µâπ¢Õß ¡“™‘°ª√–‡¿∑∑’Ë I ·≈– II (A ·≈– B ‰¡à®”‡ªìπ
µâÕß¡’§à“‡ªìπ®”π«π‡µÁ¡)  ¡¡µ‘«à“‡√“ “¡“√∂ ÿà¡µ—«Õ¬à“ß®“°ª√–™“°√™ÿ¥π’È ‚¥¬º≈≈—æ∏å∑’Ë‰¥â®–µâÕß‡ªìπ
 ¡“™‘°ª√–‡¿∑ I À√◊Õ II (Õ¬à“ß„¥Õ¬à“ßÀπ÷Ëß‡∑à“π—Èπ) ¥â«¬§«“¡πà“®–‡ªìπ∑’Ë‡ªìπ —¥ à«π°—∫ª√‘¡“≥∑’Ë‡À≈◊Õ
¢Õß ¡“™‘°·µà≈–ª√–‡¿∑ ·≈–·µà≈–§√—Èß¢Õß°“√ ÿà¡‡√“®–π” ¡“™‘°ª√–‡¿∑‡¥’¬«°—∫ ¡“™‘°∑’Ë ÿà¡‰¥â„π
ª√‘¡“≥ α ÕÕ°®“°ª√–™“°√∑’Ë¡’Õ¬Ÿà„π¢≥–π—Èπ °√≥’∑’Ë α ‡ªìπ≈∫À√◊ÕπâÕ¬°«à“»Ÿπ¬å ‡√“À¡“¬§«“¡«à“„Àâ‡æ‘Ë¡
 ¡“™‘°„πª√‘¡“≥ ›α ‡¢â“‰ª„πª√–™“°√ µ—«Õ¬à“ß‡™àπ ‡¡◊ËÕ‡√‘Ë¡µâπ‡√“ “¡“√∂ ÿà¡À¬‘∫ ¡“™‘°ª√–‡¿∑ I

À√◊Õ II ¥â«¬§«“¡πà“®–‡ªìπ  À√◊Õ  ∂â“º≈≈—æ∏å∑’Ë ÿà¡‰¥â §◊Õ  ¡“™‘°ª√–‡¿∑ I ·≈â«ª√‘¡“≥

 ¡“™‘°∑—ÈßÀ¡¥„πª√–™“°√®–¡’§à“‡æ‘Ë¡¢÷ÈπÀ√◊Õ≈¥≈ß‡ªìπ A+B›α ‚¥¬ª√‘¡“≥ ¡“™‘°ª√–‡¿∑ I ®–¡’§à“‡æ‘Ë¡
¢÷ÈπÀ√◊Õ≈¥≈ß‡ªìπ A›α  à«πª√‘¡“≥ ¡“™‘°ª√–‡¿∑ II ®–¡’§à“‡∑à“‡¥‘¡‡ªìπ B ·≈–§«“¡πà“®–‡ªìπ·∫∫¡’‡ß◊ËÕπ‰¢
(conditional probability) ¢Õß°“√ ÿà¡À¬‘∫ ¡“™‘°ª√–‡¿∑ I ·≈– II „π°“√ ÿà¡§√—ÈßµàÕ‰ª®–¡’§à“‡∑à“°—∫

 ·≈–  µ“¡≈”¥—∫ °√–∫«π°“√∑¥≈Õßπ’È®– ‘Èπ ÿ¥‡¡◊ËÕ®”π«π§√—Èß¢Õß°“√ ÿà¡„π

∑”πÕß‡¥’¬«°—ππ’È§√∫ n §√—Èß (n ∈ ) „Àâ X ·∑π®”π«π§√—Èß∑’Ë ÿà¡‰¥â ¡“™‘°ª√–‡¿∑ I ¥—ßπ—Èπ‚¥¬„™â
§ÿ≥ ¡∫—µ‘∑’Ë«à“º≈√«¡¢Õß§«“¡πà“®–‡ªìπ¢Õß∑ÿ°§à“¢Õßµ—«·ª√ ÿà¡«‘¬ÿµ X µâÕß¡’§à“‡∑à“°—∫Àπ÷Ëß ·≈–„™â

‡Õ°≈—°…≥å∑’Ë√Ÿâ®—°°—π‡ªìπÕ¬à“ß¥’ [5] §◊Õ  ‡¡◊ËÕ x(i) = x(x›α)…(x›(i›1)α)

¥—ßπ—Èπøíß°å™—π°“√·®°·®ß§«“¡πà“®–‡ªìπ¢Õßµ—«·ª√ ÿà¡ X ®÷ß‡¢’¬π‰¥â‡ªìπ

(1)

°“√·®°·®ß∑’Ë‡¢’¬πÕ¬Ÿà„π√Ÿª¢Õß ¡°“√ (1) Dwass [5] ‡√’¬°«à“ °“√·®°·®ß∑«‘π“¡∑—Ë«‰ª∑’Ë¡’æ“√“¡‘‡µÕ√å
A, B, α ·≈– n ·≈–‡√’¬°µ—«·ª√ ÿà¡ X «à“µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª ‚¥¬¡’§à“‡©≈’Ë¬·≈–§«“¡·ª√ª√«π¢Õß

X  ‡ªìπ  ·≈–  µ“¡≈”¥—∫ ‡√“®– —ß‡°µ‰¥â«à“°“√·®°·®ßπ’È¢÷ÈπÕ¬Ÿà

°—∫æ“√“¡‘‡µÕ√å∑—Èß 4 µ—« §◊Õ A, B, α ·≈– n ‚¥¬∑’Ë A ·≈– B ‡ªìπ®”π«π®√‘ß∫«° n ‡ªìπ®”π«π‡µÁ¡∫«°
α ‡ªìπ®”π«π®√‘ß„¥Ê ∑’Ë Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢À√◊Õ¢âÕ®”°—¥∑’Ë«à“ α(n-1) ≤ A+B ·≈– A(i) ·≈– B(i) ®–µâÕß
‰¡à‡ªìπ®”π«π≈∫ ”À√—∫ i = 1,...,n ·≈–„π°√≥’∑’Ë α ≠ 0 §à“§«“¡πà“®–‡ªìπ px(k) „π ¡°“√ (1) ®–°”Àπ¥
‚¥¬  ·≈– n ‚¥¬‡©æ“–Õ¬à“ß¬‘Ëß§à“¢Õß α  “¡“√∂∑”„Àâ°“√·®°·®ßπ’È‡ª≈’Ë¬π√Ÿª‰ª‡ªìπ°“√·®°·®ß∑’Ë
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 ”§—≠Õ◊ËπÊ ‰¥â ́ ÷Ëß “¡“√∂»÷°…“‡æ‘Ë¡‡µ‘¡‰¥â®“° Wongkasem ·≈–§≥– [8] À√◊Õ §≥‘π∑√å ∏’√¿“æ‚ÕÃ“√ [1]
æ‘®“√≥“øíß°å™—π°“√·®°·®ß§«“¡πà“®–‡ªìπ„π ¡°“√ (1) ‡√“ “¡“√∂‡¢’¬π„À¡à‰¥â‡ªìπ

(2)

®“° ¡°“√ (2) ‡√“®–‡ÀÁπ«à“∂â“ A+B ≈Ÿà‡¢â“ Ÿà§à“Õπ—πµå ·≈–  ≈Ÿà‡¢â“ Ÿà‡ªìπ§à“§ßµ—« p ·≈â«°“√·®°·®ß
∑«‘π“¡∑—Ë«‰ª∑’Ë¡’æ“√“¡‘‡µÕ√å A, B, α ·≈– n ®–≈Ÿà‡¢â“ Ÿà°“√·®°·®ß∑«‘π“¡∑’Ë¡’æ“√“¡‘‡µÕ√å n ·≈– p

π—Ëπ§◊Õ   ”À√—∫∑ÿ° k = 0, 1,...,n ·≈–∑ÿ°®”π«π®√‘ß α

¥—ßπ—Èπ‡√“ “¡“√∂ª√–¡“≥°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡ ∂â“À“°«à“‡√“°”Àπ¥‡ß◊ËÕπ‰¢¢Õß
æ“√“¡‘‡µÕ√å¢Õß∑—Èß Õß°“√·®°·®ß¡’§«“¡ Õ¥§≈âÕß°—π ¥—ß‡™àπ„πß“π«‘®—¬¢Õß Wongkasem ·≈–§≥– [8]
‰¥â„™â«‘∏’¢Õß ‰µπå (Steinûs method)  ”À√—∫°“√·®°·®ß∑«‘π“¡æ√âÕ¡¥â«¬øíß°å™—π w (w-function) ∑’Ë
 —¡æ—π∏å°—∫µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª¡“ª√–¡“≥°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡ ‚¥¬Õ¬Ÿà„π
√Ÿª¢Õßº≈µà“ß√–À«à“ß°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª ·≈–°“√·®°·®ß∑«‘π“¡æ√âÕ¡¥â«¬¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª
(uniform upper bound) ¥—ßπ’È

(3)

‚¥¬∑’Ë E §◊Õ ‡´µ¬àÕ¬¢Õß‡´µ  ·≈– 

®“°Õ ¡°“√ (3) ∂â“ E = {x0} ‡¡◊ËÕ x0 ∈ {0,...,n} ‡√“®–‰¥â«à“

(4)

‡√“ “¡“√∂ —ß‡°µ‰¥â«à“¢Õ∫‡¢µ∫π∑“ß¥â“π¢«“¡◊Õ¢ÕßÕ ¡°“√ (4) ®–‰¡à‡ª≈’Ë¬π·ª≈ß ”À√—∫∑ÿ°§à“¢Õß
x0 ∈ {0,...,n} ÷́ËßÕ“®∑”„Àâ°“√ª√–¡“≥°“√·®°·®ß¢â“ßµâπ‰¡à Õ¥§≈âÕß°—∫§à“¢Õß x0 ∑’Ë‡ª≈’Ë¬π‰ª ·µà∂â“
¢Õ∫‡¢µ∫π∑“ß¥â“π¢«“¡◊Õ¢ÕßÕ ¡°“√ (4)  “¡“√∂‡ª≈’Ë¬π·ª≈ß‰ªµ“¡§à“¢Õß x0 „π≈—°…≥–∑’Ë∑”„Àâ°“√
ª√–¡“≥°“√·®°·®ß¡’§«“¡∂Ÿ°µâÕß¡“°¢÷Èπ°Áπà“®–‡ªìπº≈¥’¡“°°«à“ „πß“π«‘®—¬π’È‡√“µâÕß°“√ª√–¡“≥°“√
·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡„π√Ÿª·∫∫‡™àπ‡¥’¬«°—∫Õ ¡°“√ (4) ·µà¢Õ∫‡¢µ∫π¢Õß°“√
ª√–¡“≥®–Õ¬Ÿà„π√Ÿª·∫∫‰¡à‡Õ°√Ÿª (non-uniform upper bound) ¥—ßπ—Èπ«—µ∂ÿª√– ß§å¢Õß°“√«‘®—¬π’È §◊Õ
À“¢Õ∫‡¢µ∫π‰¡à‡Õ°√Ÿª∫π°“√ª√–¡“≥·∫∫®ÿ¥¢Õß°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡
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«‘∏’¥”‡π‘π°“√«‘®—¬
„π°“√¥”‡π‘π°“√À“º≈≈—æ∏åÀ≈—°∑’ËÕ¬Ÿà„π√Ÿª·∫∫∑’Ë§≈â“¬°—∫Õ ¡°“√ (4) ‡√“®–¥”‡π‘π°“√À“‚¥¬

„™â«‘∏’¢Õß ‰µπå ”À√—∫°“√·®°·®ß∑«‘π“¡æ√âÕ¡¥â«¬øíß°å™—π w ∑’Ë —¡æ—π∏å°—∫µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª ‡√“§«√
‡√‘Ë¡µâπ¥â«¬°“√À“√Ÿª·∫∫¢Õßøíß°å™—π w ·≈â«®÷ß √â“ß∫∑µ—Èß (lemma) ∑’Ë®”‡ªìπ ”À√—∫°“√æ‘ Ÿ®πå∑ƒ…Æ’∫∑
À≈—°µàÕ‰ª

1. øíß°å™—π w ∑’Ë —¡æ—π∏å°—∫µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª
„Àâµ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª X ¡’øíß°å™—π°“√·®°·®ß§«“¡πà“®–‡ªìπ px(k) ∑’Ë°”Àπ¥

‡™àπ‡¥’¬«°—∫„π ¡°“√ (1) ·≈– px(k) > 0  ”À√—∫∑ÿ° k ∈ {0,1,...,n} ·≈â«‡√“®–‰¥âøíß°å™—π w ∑’Ë —¡æ—π∏å
°—∫µ—«·ª√ ÿà¡ X ¥—ß∫∑µ—ÈßµàÕ‰ªπ’È

∫∑µ—Èß 1 „Àâ w(X) ‡ªìπøíß°å™—π w ∑’Ë —¡æ—π∏å°—∫µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª X ·≈â«

(5)

‚¥¬∑’Ë

æ‘ Ÿ®πå ¥Ÿ‰¥â„π Wongkasem ·≈–§≥– [8]
√Ÿª·∫∫§«“¡ —¡æ—π∏åµàÕ‰ªπ’È‡ªìπ§ÿ≥ ¡∫—µ‘∑’Ë ”§—≠¢Õßøíß°å™—π w  ”À√—∫°“√À“º≈≈—æ∏åÀ≈—° ́ ÷Ëß

Cacoullos ·≈– Papathanasiou [4] ‰¥â°”Àπ¥‰«â¥—ßπ’È
∂â“µ—«·ª√ ÿà¡∑’Ë¡’§à“®”π«π‡µÁ¡·≈–‰¡à‡ªìπ≈∫ (non-negative integer-valued random variable)

X ¡’ px(k) > 0  ”À√—∫∑ÿ° k „π‡´µ§È”®ÿπ¢Õß X (support of X) ·≈–§«“¡·ª√ª√«π 0 < σ2 < ∞ ·≈â«

(6)

 ”À√—∫øíß°å™—π g :  ∪ {0} →  ´÷Ëß∑”„Àâ E|w(X)∆g(X)|<∞ ‚¥¬∑’Ë ∆g(x) = g(x+1)›g(x) ·≈–‡√“®–
 —ß‡°µ‰¥â«à“ E[w(X)] = 1 (‡¡◊ËÕ°”Àπ¥ g(x) = x  ”À√—∫∑ÿ°µ—«·ª√ ÿà¡∑’Ë¡’§à“®”π«π‡µÁ¡·≈–‰¡à‡ªìπ≈∫ X

2. «‘∏’¢Õß ‰µπå ”À√—∫°“√·®°·®ß∑«‘π“¡
«‘∏’¢Õß ‰µπå‰¥â‡√‘Ë¡µâπª√–¡“≥ªï 1972 ‚¥¬ Stein [6] ‰¥âπ”‡ πÕ«‘∏’∑—Ë«‰ª∑’Ë¡’ª√– ‘∑∏‘¿“æ

„π°“√ª√–¡“≥°“√·®°·®ß¢Õßº≈√«¡¢Õßµ—«·ª√ ÿà¡∑’Ë¡’§«“¡ —¡æ—π∏å°—π (dependent random variables)
¥â«¬°“√·®°·®ßª√°µ‘ (normal distribution) µàÕ¡“ Chen [3] ‰¥âª√—∫·≈–æ—≤π“«‘∏’¢Õß ‰µπå·∫∫‡¥‘¡¡“
 Ÿà°“√ª√–¡“≥°“√·®°·®ß¢Õßº≈√«¡¢Õßµ—«·ª√ ÿà¡·∫√åπŸ≈≈’∑’Ë¡’§«“¡ —¡æ—π∏å°—π (dependent Bernoulli
random variables) ¥â«¬°“√·®°·®ßªí«´ß (Poisson distribution) ·≈–ª√–¡“≥ªï 1986 «‘∏’¢Õß ‰µπå
®÷ß‰¥âª√—∫·≈–æ—≤π“¡“ Ÿà°“√ª√–¡“≥°“√·®°·®ß¢Õßµ—«·ª√ ÿà¡¥â«¬°“√·®°·®ß∑«‘π“¡‚¥¬ Stein [7] «‘∏’
¢Õß ‰µπå‡√‘Ë¡µâπ¥â«¬ ¡°“√¢Õß ‰µπå (Steinûs equation) ¢Õß·µà≈–°“√·®°·®ß∑’Ë ¡π—¬°—π ·≈– ¡°“√
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¢Õß ‰µπå ”À√—∫°“√·®°·®ß∑«‘π“¡∑’Ë¡’æ“√“¡‘‡µÕ√å n ≥ 1 ·≈– p = 1›q ∈ (0,1) (‡¡◊ËÕ°”Àπ¥øíß°å™—π h)
π‘¬“¡‚¥¬

(7)

‚¥¬∑’Ë ·≈– g ·≈– h ‡ªìπøíß°å™—π§à“®√‘ß∑’Ë¡’¢Õ∫‡¢µ∑’Ëπ‘¬“¡∫π‡´µ
{0,1,...,n}

 ”À√—∫ E ⊆ {0,1,...,n} „Àâ hE : {0,1,...,n} →  ‡ªìπøíß°å™—π∑’Ë°”Àπ¥‚¥¬

µàÕ‰ª‡√“®–æ‘®“√≥“‡™àπ‡¥’¬«°—∫ Barbour ·≈–§≥– [2] Àπâ“ 189 ‚¥¬„Àâ gE :    ∪{0}→  ‡ªìπøíß°å™—π
∑’Ë Õ¥§≈âÕß ¡°“√ (7) ‚¥¬∑’Ë gE(0) = gE(1) ·≈– gE(x) = gE(n)  ”À√—∫∑ÿ° x ≥ n

 ”À√—∫ E = {x0} ‡¡◊ËÕ x0 ∈ {0,...,n} ‡√“ “¡“√∂‡¢’¬πº≈‡©≈¬ gx0 = g{x0} ¢Õß ¡°“√ (7) ‰¥â
‡ªìπ

(8)

‚¥¬∑’Ë Cx = {0,...,x}
®“°º≈‡©≈¬„π ¡°“√ (8) ‡√“ “¡“√∂ √â“ß∫∑µ—Èß‡æ◊ËÕ™à«¬„π°“√æ‘ Ÿ®πå∑ƒ…Æ’∫∑∑’Ë®–°≈à“«∂÷ß

„πÀ—«¢âÕµàÕ‰ª‰¥â ¥—ßπ’È
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∫∑µ—Èß 2  ”À√—∫ x0 ∈ {0,...,n} „Àâ ∆gx0(x) = gx0(x + 1) › gx0(x) ·≈– n > 1 ·≈â«‡√“®–‰¥â«à“Õ ¡°“√
µàÕ‰ªπ’È‡ªìπ®√‘ß

(9)

æ‘ Ÿ®πå ‡√“·∫àß°“√æ‘ Ÿ®πåÕÕ°‡ªìπ Õß°√≥’ ¥—ßπ’È
°√≥’ 1 x0 = 0
„π°√≥’π’È‚¥¬ Barbour ·≈–§≥– [2] ‡√“®–‰¥â«à“ g0 ‡ªìπøíß°å™—π≈¥·≈–¡’§à“¡“°°«à“»Ÿπ¬å

 ”À√—∫ x ∈ {1,...,n} ¥—ßπ—Èπ ”À√—∫ x ∈ {1,...,n} ‡√“®–‰¥â
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°√≥’ 2 x0 ≥ 1
‚¥¬ Barbour ·≈–§≥– [2] ‡√“®–‰¥â«à“ gx0 ‡ªìπøíß°å™—π≈¥·≈–¡’§à“πâÕ¬°«à“»Ÿπ¬å ”À√—∫

x ∈ {1,...,x0} ·≈– gx0 ‡ªìπøíß°å™—π≈¥·≈–¡’§à“¡“°°«à“»Ÿπ¬å  ”À√—∫ x ∈ {x0 + 1, x0 + 2,...,n} ¥—ßπ—Èπ‡√“
®–‰¥â«à“ ∆gx0(x)≤ gx0(x0 + 1) › gx0 (x0)

æ‘®“√≥“ x0 = 1 ‡√“®–‰¥â

æ‘®“√≥“ x0 ≥ 2 ‡√“®–‰¥â

(10)

(11)
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·≈–®“° (10) ®–‰¥â

(12)

®“°Õ ¡°“√ (11) ·≈– (12) ‡√“®–‰¥â

¥—ßπ—Èπ ®“°°“√æ‘ Ÿ®πå∑—Èß Õß°√≥’‡√“®–‰¥âÕ ¡°“√ (9) ‡ªìπ®√‘ß

º≈°“√«‘®—¬
º≈°“√«‘®—¬∑’Ë‡√“µâÕß°“√„πß“π«‘®—¬π’È §◊Õ ¢Õ∫‡¢µ∫π‰¡à‡Õ°√Ÿª∫π°“√ª√–¡“≥·∫∫®ÿ¥¢Õß°“√

·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡ (À“‰¥â‚¥¬„™â«‘∏’¢Õß ‰µπå ”À√—∫°“√·®°·®ß∑«‘π“¡·≈–øíß°å™—π
w ∑’Ë —¡æ—π∏å°—∫µ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª) ·≈–∑ƒ…Æ’∫∑µàÕ‰ªπ’È‡ªìπº≈≈—æ∏å¢Õß°“√ª√–¡“≥¥—ß°≈à“«

∑ƒ…Æ’∫∑ 1 „Àâ X ‡ªìπµ—«·ª√ ÿà¡∑«‘π“¡∑—Ë«‰ª ·≈–  ·≈â«®–‰¥â«à“
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æ‘ Ÿ®πå ®“° ¡°“√ (7) ‡¡◊ËÕ·∑π x ¥â«¬ X ·≈–„Àâ h = hx0 ·≈â«À“§à“§“¥À¡“¬µ≈Õ¥ ¡°“√‡√“®–‰¥â

(13)

‚¥¬∑’Ë gx0 π‘¬“¡‡™àπ‡¥’¬«°—∫ ¡°“√ (9) ·≈–®“°∫∑µ—Èß 2 ‡√“®–‰¥â Ew(X)∆gx0(X)<∞ ¥—ßπ—Èπ‚¥¬ ¡°“√
(6) ‡√“ “¡“√∂‡¢’¬π ¡°“√ (13) „À¡à‰¥â‡ªìπ

(14)

‡π◊ËÕß®“°  ´÷Ëß¡“°°«à“À√◊Õ‡∑à“°—∫»Ÿπ¬å

‡¡◊ËÕ α ≥ 0 ·≈–πâÕ¬°«à“»Ÿπ¬å ‡¡◊ËÕ α < 0 π—Ëπ§◊Õ ”À√—∫ α ≥ 0 ‡√“®–‰¥â«à“ 

 ·≈– ”À√—∫ α < 0 ‡√“®–‰¥â«à“ 

 ¥—ßπ—Èπ®÷ß∑”„Àâ  ‡¡◊ËÕ·∑π§à“„π (14) ®–‰¥â«à“

(15)

·≈–‚¥¬„™â∫∑µ—Èß 2 °—∫Õ ¡°“√ (15) ‡√“®–‰¥âº≈≈—æ∏åµ“¡∑’ËµâÕß°“√

∫∑·∑√° 1  ”À√—∫ n ≥ 2 ·≈– 0 < p < 1 ·≈â«®–‰¥â«à“

1. (16)

2. (17)
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æ‘ Ÿ®πå 1. ‡√“‡ÀÁπ‰¥â™—¥«à“Õ ¡°“√ (16) ‡ªìπ®√‘ß

2. ‡√‘Ë¡µâπ‡√“®–· ¥ß«à“Õ ¡°“√∑“ß´â“¬¡◊Õ¢Õß (17) À√◊Õ  ‡ªìπ®√‘ß

‡π◊Ë Õ ß®“°  ´÷Ë ß∂â“‡√“· ¥ß«à“

‡ªìπ®√‘ß ·≈â«®–‰¥â«à“Õ ¡°“√¢â“ßµâπ‡ªìπ®√‘ß¥â«¬

‡æ√“–«à“ nqn›1 < 1 +...+ qn›1 ·≈– p (1 +...+ qn›1) = 1 › qn ·≈â«‡√“®–‰¥â«à“ npqn›1 < 1›qn ·≈–

¥—ßπ—Èπ‡√“®–‰¥â«à“Õ ¡°“√∑“ß´â“¬¡◊Õ¢Õß (17) ‡ªìπ®√‘ß

µàÕ‰ª‡√“®–· ¥ß«à“ 

‡π◊ËÕß®“°  ·≈–

¥—ßπ—Èπ‡√“®–‰¥â«à“Õ ¡°“√ (17) ‡ªìπ®√‘ß   ■■

∫∑·∑√° 1  √â“ß¢÷Èπ¡“‡æ◊ËÕ„™â„π°“√‡ª√’¬∫‡∑’¬∫º≈≈—æ∏å∑—ÈßÀ¡¥„π∑ƒ…Æ’∫∑ 1 ·≈–º≈≈—æ∏å„π
Õ ¡°“√ (4) ·≈–‚¥¬∫∑·∑√° 1 ‡√“æ∫«à“¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª¢Õßº≈≈—æ∏å∑—ÈßÀ¡¥„π∑ƒ…Æ’∫∑ 1
¥’°«à“¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª„πÕ ¡°“√ (4)
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∫∑·∑√°∑’Ë®–°≈à“«∂÷ßµàÕ‰ªπ’È‡ªìπº≈≈—æ∏å‚¥¬µ√ß∑’Ë‰¥â¡“®“°∑ƒ…Æ’∫∑ 1 ÷́Ëß‡°’Ë¬«¢âÕß°—∫°“√
ª√–¡“≥·∫∫®ÿ¥¢Õß°“√·®°·®ß‰Œ‡æÕ√å®’ËÕÕ‡¡µ√‘°·≈–°“√·®°·®ß‚æ≈¬“¥â«¬°“√·®°·®ß∑«‘π“¡

∫∑·∑√° 2 ∂â“ α > 0 ·≈–  ·≈–  ‡ªìπ®”π«π‡µÁ¡·≈â«‡√“®–‰¥â

‚¥¬∑’Ë §◊Õ øíß°å™—π°“√·®°·®ß§«“¡πà“®–‡ªìπ¢Õßµ—«·ª√ ÿà¡

‰Œ‡æÕ√å®’ÕÕ‡¡µ√‘°∑’Ë¡’æ“√“¡‘‡µÕ√å A, B, α ·≈– n

∫∑·∑√° 3  ”À√—∫ α < 0 ‡√“®–‰¥â«à“

‚¥¬∑’Ë  §◊Õ øíß°å™—π°“√·®°·®ß§«“¡πà“®–‡ªìπ

¢Õßµ—«·ª√ ÿà¡‚æ≈¬“∑’Ë¡’æ“√“¡‘‡µÕ√å A, B, α ·≈– n
º≈≈—æ∏å„π∑ƒ…Æ’∫∑ 1 À√◊Õ„π∫∑·∑√° 2 ·≈– 3 ®–‡ªìπº≈°“√ª√–¡“≥∑«‘π“¡∑’Ë¥’ ∂â“À“°«à“

α ·≈–/À√◊Õ n ·≈–/À√◊Õ A ¡’§à“πâÕ¬ ·≈– A + B › α ¡’§à“¡“° ´÷Ëß Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢¢Õß°“√≈Ÿà‡¢â“∑’Ë‰¥â
°≈à“«¡“·≈â«
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µ—«Õ¬à“ß‡™‘ßµ—«‡≈¢
µ—«Õ¬à“ß‡™‘ßµ—«‡≈¢µàÕ‰ªπ’È‡ªìπ‡æ’¬ßµ—«Õ¬à“ß∫“ß à«π∑’Ëπ”¡“· ¥ß„Àâ‡ÀÁπ«à“°“√ª√–¡“≥·∫∫®ÿ¥

¢Õß°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√·®°·®ß∑«‘π“¡¡’§«“¡‡À¡“– ¡Õ¬à“ß‰√ (‚¥¬æ‘®“√≥“®“°¢Õ∫‡¢µ∫π
¢Õß°“√ª√–¡“≥¥—ß°≈à“«) ·≈–µ—«Õ¬à“ß‡™‘ßµ—«‡≈¢ ”À√—∫ß“π«‘®—¬π’È‡ªìπ°“√· ¥ß°“√ª√–¬ÿ°µå„™âº≈≈—æ∏å„π
∑ƒ…Æ’∫∑ 1 „π à«π∑’Ë‡°’Ë¬«¢âÕß°—∫°“√·®°·®ß‰Œ‡æÕ√å®‘ÕÕ‡¡µ√‘°·≈–°“√·®°·®ß‚æ≈¬“ („π∫∑·∑√° 2 ·≈–
3) ¥—ßπ’È

µ—«Õ¬à“ß 1 °”Àπ¥„Àâ n = 5, A = 30, A + B = 1000 ·≈– α = 1 ·≈â«º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë‰¥â
§◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª

µ—«Õ¬à“ß 2 °”Àπ¥„Àâ n = 10, A = 50, A + B = 1000 ·≈– α = 1 ·≈â«º≈≈—æ∏å‡™‘ßµ—«‡≈¢∑’Ë
‰¥â §◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª
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µ—«Õ¬à“ß 3 °”Àπ¥„Àâ n = 20, A = 100, A + B = 1000 ·≈– α = 1 ·≈â«º≈≈—æ∏å‡™‘ßµ—«‡≈¢
∑’Ë‰¥â §◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª

µ—«Õ¬à“ß 4 °”Àπ¥„Àâ n = 10, A = 50, A + B = 1000 ·≈– α = ›1 ·≈â«º≈≈—æ∏å‡™‘ßµ—«‡≈¢
∑’Ë‰¥â §◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª

µ—«Õ¬à“ß 5 °”Àπ¥„Àâ n = 15, A = 100, A + B = 1000 ·≈– α = ›1 ·≈â«º≈≈—æ∏å‡™‘ß
µ—«‡≈¢∑’Ë‰¥â §◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª
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µ—«Õ¬à“ß 6 °”Àπ¥„Àâ n = 25, A = 150, A + B = 1000 ·≈– α = ›1 ·≈â«º≈≈—æ∏å‡™‘ß
µ—«‡≈¢∑’Ë‰¥â §◊Õ

1.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª

2.  ”À√—∫¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª

º≈≈—æ∏å‡™‘ßµ—«‡≈¢„πµ—«Õ¬à“ß 1 ∂÷ß 6 ‰¥â™’È„Àâ‡ÀÁπ«à“¢Õ∫‡¢µ∫π¢Õß°“√ª√–¡“≥®–¡’§à“πâÕ¬∂â“
À“°«à“ n ·≈–/À√◊Õ A ¡’§à“πâÕ¬ ·≈– A+B›α ¡’§à“¡“° ÷́Ëß· ¥ß«à“°“√ª√–¡“≥°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª
¥â«¬°“√·®°·®ß∑«‘π“¡®–¡’ª√– ‘∑∏‘¿“æ‡¡◊ËÕ n ·≈–/À√◊Õ A ¡’§à“πâÕ¬ ·≈– A+B›α ¡’§à“¡“° ·≈–‡¡◊ËÕ
‡ª√’¬∫‡∑’¬∫¢Õ∫‡¢µ∫π∑’Ë‰¥â¡“®“°Õ ¡°“√ (4) ·≈–∑ƒ…Æ’∫∑ 1 ¢Õßº≈≈—æ∏å‡™‘ßµ—«‡≈¢„πµ—«Õ¬à“ß 1 ∂÷ß
6 ‡√“®–‡ÀÁπ‰¥â«à“¢Õ∫‡¢µ∫π∑’Ë‰¥â¡“®“°∑ƒ…Æ’∫∑ 1 (¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª) ¥’°«à“¢Õ∫‡¢µ∫π∑’Ë‰¥â¡“
®“°Õ ¡°“√ (4) (¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª)

 √ÿªº≈°“√«‘®—¬
°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª‡ªìπ°“√·®°·®ß«‘¬ÿµ·∫∫Àπ÷Ëß∑’Ë§√Õ∫§≈ÿ¡°“√·®°·®ß∑’Ë ”§—≠∂÷ß “¡

°“√·®°·®ß §◊Õ °“√·®°·®ß∑«‘π“¡ °“√·®°·®ß‰Œ‡æÕ√å®‘ÕÕ‡¡µ√‘° ·≈–°“√·®°·®ß‚æ≈¬“ ÷́Ëß‡√“®–‡ÀÁπ
«à“°“√·®°·®ßπ’È —¡æ—π∏å°—∫°“√·®°·®ß∑«‘π“¡‡ªìπÕ¬à“ß¡“° ·≈–‡¡◊ËÕ‰¥â»÷°…“‡√◊ËÕß¢Õß°“√≈Ÿà‡¢â“¢Õß°“√
·®°·®ß∑«‘π“¡∑—Ë«‰ª ‡√“ “¡“√∂ √ÿª‰¥â«à“ ∂â“ A+B → ∞ ·≈–  ≈Ÿà‡¢â“ Ÿà‡ªìπ§à“§ßµ—« p ·≈â«°“√
·®°·®ß∑«‘π“¡∑—Ë«‰ª∑’Ë¡’æ“√“¡‘‡µÕ√å A, B, α ·≈– n ®–≈Ÿà‡¢â“ Ÿà°“√·®°·®ß∑«‘π“¡∑’Ë¡’æ“√“¡‘‡µÕ√å n ·≈– p
®“°º≈∑’Ë‰¥âπ’È “¡“√∂‡™◊ËÕ¡‚¬ß‰ª Ÿà‡√◊ËÕß¢Õß°“√ª√–¡“≥·∫∫®ÿ¥¢Õß°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬°“√
·®°·®ß∑«‘π“¡ ‚¥¬¡’¢Õ∫‡¢µ∫π¢Õß°“√ª√–¡“≥‡ªìπÀ≈—°‡°≥±å∑—Ë«‰ª∑’Ëπ”¡“„™âª√–¡“≥§à“º≈µà“ß
√–À«à“ß°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª·≈–°“√·®°·®ß∑«‘π“¡ ´÷Ëß‡√“ “¡“√∂„™âÀ≈—°‡°≥±åπ’È‡ªìπ‡§√◊ËÕß¡◊Õ„π°“√
«—¥§«“¡∂Ÿ°µâÕß¢Õß°“√ª√–¡“≥°“√·®°·®ß¥—ß°≈à“«‰¥â °≈à“«§◊Õ ∂â“¢Õ∫‡¢µ∫π¥—ß°≈à“«¡’§à“πâÕ¬· ¥ß
«à“°“√·®°·®ß∑«‘π“¡ “¡“√∂ª√–¡“≥°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª‰¥â¥’ À√◊Õ· ¥ß«à“°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª
‡¢â“„°≈â°“√·®°·®ß∑«‘π“¡ „π∑“ß°≈—∫°—π∂â“¢Õ∫‡¢µ∫π¡’§à“¡“°· ¥ß«à“°“√ª√–¡“≥°“√·®°·®ß¥—ß°≈à“«
‰¡à¡’§«“¡‡À¡“– ¡ ·≈–¢Õ∫‡¢µ∫π¥—ß°≈à“«®–¡’§à“¡“°À√◊ÕπâÕ¬π—Èπ¡—°®–¢÷ÈπÕ¬Ÿà°—∫§à“æ“√“¡‘‡µÕ√å¢Õß°“√
·®°·®ß∑’Ë¡’§«“¡ Õ¥§≈âÕß°—π ÷́Ëß®“°º≈°“√«‘®—¬∑’Ë‰¥â‡√“æ∫«à“°“√ª√–¡“≥°“√·®°·®ß∑«‘π“¡∑—Ë«‰ª¥â«¬
°“√·®°·®ß∑«‘π“¡®–¡’§«“¡‡À¡“– ¡‡¡◊ËÕ α ·≈–/À√◊Õ n ·≈–/À√◊Õ A ¡’§à“πâÕ¬ ·≈– A + B › α ¡’§à“¡“°
·≈–‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫¢Õ∫‡¢µ∫π„πÕ ¡°“√ (4) ·≈–∑ƒ…Æ’∫∑ 1 ‡√“æ∫«à“¢Õ∫‡¢µ∫π·∫∫‰¡à‡Õ°√Ÿª„π
∑ƒ…Æ’∫∑ 1 ¥’°«à“¢Õ∫‡¢µ∫π·∫∫‡Õ°√Ÿª„πÕ ¡°“√ (4)
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°‘µµ‘°√√¡ª√–°“»
ºŸâ«‘®—¬¢Õ¢Õ∫§ÿ≥°√√¡°“√ºŸâÕà“πº≈ß“π«‘®—¬∑—Èß Õß∑à“π∑’Ë‰¥â°√ÿ≥“„Àâ§”·π–π”·≈–·°â‰¢

¢âÕ∫°æ√àÕßµà“ßÊ ®π∑”„Àâº≈ß“π«‘®—¬π’È¡’§«“¡∂Ÿ°µâÕß·≈– ¡∫Ÿ√≥å¡“°¬‘Ëß¢÷Èπ

‡Õ° “√Õâ“ßÕ‘ß
1. Teerapabolarn, K. 2552. A Generalized Binomial Districution and Relation with the Binomial

and Poisson Distributions. Burapha Science Journal 14(1): 92-99.
2. Barbour, A. D., Holst, L., and Janson, S. 1992. Poisson Approximation. Oxford Studies in

Probability 2. Oxford. Clarendon Press.
3. Chen, L. H. Y. 1975. Poisson Approximation for Dependent Trials. Annals of Probability 3:

534-545.
4. Cacoullos, T., and Papathanasiou, V. 1989. Characterization of Distributions by Variance

Bounds. Statistics and Probability Letters 7: 351-356.
5. Dwass, M. 1979. A Generalized Binomial Distribution. American Statistician 33: 86-87.
6. Stein, C. M. 1972. A Bound for the Error in Normal Approximation to the Distribution of

a Sum of dependent Random Variables. Proceedings Sixth Berkeley Symposium on
Mathematical Statistics and Probability 3: 583-602.

7. Stein, C. M. 1986. Approximate Computation of Expectations. Hayward California. IMS.
8. Wongkasem, P., Teerapabolarn K., and Gulasirima, R.. 2008. On Approximating a Generalized

Binomial by Binomial and Poisson Distributions. International Journal of Statistics and
Systems 3: 113-124.

‰¥â√—∫∫∑§«“¡«—π∑’Ë 5  ‘ßÀ“§¡ 2553
¬Õ¡√—∫µ’æ‘¡æå«—π∑’Ë 21 °—π¬“¬π 2553


